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Abstract

We study a model where a belligerent depends on continued support from an ally
to fight a war. Both parties have aligned preferences in war, but the donor prefers to
withdraw support if the prospects of winning are too slim. To regulate their ally’s beliefs
about their ability to win, the recipient may deviate from optimal battlefield strategies
in equilibrium. This can occur even when the recipient is strong and victory is likely.
In fact, greater fighting ability can make it more difficult for the strong belligerent to
fight optimally because setbacks are even more likely to imply weakness. Allowing the
donor to occasionally observe conditions on the ground can make both strong and weak
recipients worse off. Limited commitments also do not resolve the problem created by
the conditionality of support. For any finite commitment length, a sufficiently long war

between patient states induces the same behavior as a game with no commitment.
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1 Introduction

In 2021, the continuation of United States support to the Afghan government grew increasingly
uncertain. At the same time, Afghan commanders were sending their most capable forces, the
Commandos, to reinforce threatened positions and recapture territory lost to the Taliban.!
These operations came at exceptional cost, with commanders regularly ignoring systems in
place that were designed to provide troops with rest and recovery.? But in addition to control
over territory, Afghan leaders were fighting for external aid from the US. Accepting setbacks
could signal weakness to the US donors and jeopardize the continuation of support. On the
other hand, pressing forward could signal strength even when the best long-term military
choice would be to avoid extreme losses, preserve forces, and concede ground.

The tradeoff facing Afghan commanders reflects a general problem in wars where the
belligerents depend on external support from an ally. States often have interests in foreign
wars, and when such interests are compelling, states may offer support, such as weapons,
equipment, and financial aid, to their preferred side in hope of influencing the outcome.
An aligned state may be willing to extend support as long as their perception of the war is
favorable, backing out if they determine that success is too unlikely to justify the ongoing costs.
However, potential donors often lack information on the ground, such as whether territory
gained is worth the losses incurred to recover it, and need to depend on the recipient’s tactical
choices to form expectations. As a result, when deciding how to fight, belligerents receiving
external funds consider how the donor will view their actions. If the optimal tactics suggest
bad news and cause donors to second-guess their involvement, recipients must choose between
fighting effectively today and securing support for tomorrow.

In this paper, we propose a model to understand the incentives in the case where a
belligerent’s ability to fight depends on the support of an external ally. Both parties have
aligned preferences in the war outcome, but the donor prefers to withhold financing if the
odds of victory are too slim. Moreover, the belligerent has private knowledge of the front
lines that informs their tactics. When circumstances are not conducive to successful attacks

(when it rains), it is optimal to maintain position with defense. On the other hand, when

'Refer to SIGAR (2023).
*Refer to United States Department of Defense (2020).



an opportunity arises (it shines), it is better to press forward with offensive attacks. We
allow for this weather to be endogenous to the quality of the recipient: a strong belligerent
is more likely to be able to advance their offensive goals on any given day. Consequently,
battlefield actions not only affect outcomes, but also donor beliefs about the potential to win
and hence whether they receive future external support. When the donor cannot perfectly
monitor conditions on the ground, this can generate an incentive to deviate from optimal
tactics, even though it is against both donor’s and recipient’s war aims to do so.

We find that both strong and weak recipient belligerent deviate from optimal military
tactics in equilibrium when their continued support is sufficiently uncertain (Theorem 1).
When the donor is confident that the recipient can win, the recipient has freedom to accept
occasional setbacks on the battlefield without fear of losing resources going forward. On
the other hand, if funding is insecure, one big setback may be the last straw. As a result,
belligerents that are highly dependent on external support may need to avoid setbacks at all
costs, even if it places them in a worse position to win the war (e.g., allowing troops to take
on too much damage in refusing to concede a small amount of territory). Counterintuitively,
because an occasional setback becomes increasingly informative of weakness when strong
recipients are expected to succeed more often, greater strength can make it harder for the
recipient to follow optimal battlefield tactics (Proposition 1).

The recipient’s incentive to engage in this distortionary behavior depends on the donor’s
ability to monitor battlefield conditions. Counterintuitively, we find that limited monitoring
can make both weak and strong recipients worse off (Proposition 2). With no monitoring,
the recipient can always prevent a degradation of the donor’s beliefs about their prospects by
attacking regardless of the day’s weather. On the other hand, monitoring allows the donor to
occasionally observe unfavorable conditions on the ground despite these obfuscating recipient
strategies. Even a strong recipient can, through bad luck, experience the occasional rain and,
if the donor happens to observe them, it can cause them to withdraw their support. Limited
monitoring can thus increase the risk of losing support without mitigating the incentive to
distort tactics. In contrast, when conditions on the ground can be perfectly monitored and
bad news cannot be concealed, hence the incentive to distort disappears.

Additionally, our analysis shows that limited commitments do not mitigate the problem



caused by the conditionality of support (Proposition 3). While such a commitment can prevent
the donor from withdrawing support in the short term, the recipient’s actions continue to affect
the donor’s beliefs about their prospect of winning. When the commitment period ends, the
donor bases their decision to continue supporting the recipient or not on those beliefs. As a
result, the recipient retains the incentive to conceal bad news from the donor even when the
commitment is active and funding is secure. In fact, we show that commitments of any finite
length fail to change recipient behavior in long enough wars involving patient enough states
(Proposition 4).

These results have empirical implications on how we understand strategic interactions
surrounding external support in war. First, the main mechanism of distorted battlefield
tactics is illustrated in the case of US support in Afghanistan from 2015-2021. Insecurity about
continued assistance met with a constrained US intelligence on the ground provided Afghan
commanders an incentive to demonstrate strength even when doing so required overly costly
offensive operations that were counterproductive to their overall aims in the war. Second,
in light of our results on the role of monitoring, we examine lack of transparency between
the US and Ukraine from 2022-2024. Our theory provides an alternative explanation for this
behavior, focusing our attention on the beliefs of the donor as a causal determinant rather
than the quality or strength of the recipient. Finally, our commitment results can shed light on
why limited commitments of support to the Soviet Union during World War II could remain
ineffective even while they were honored, as US assessments of Soviet prospects continued
to evolve during the commitment period, ultimately shaping how decisions over subsequent

support would be made.

1.1 Related literature

Our paper makes theoretical contributions to the literature on the dynamics of conflict,
particularly that on the role of resources and information. Most importantly, we show how
dependence on continued external support changes the recipient’s battlefield tactics when
those tactics affect what the donor learns about the war. Related work in this domain has
studied belligerent learning while fighting (Powell, 2004), moral hazard in alliance contracts

(Benson, Meirowitz, and Ramsay, 2014), and the role of markets in war (Krainin et al.,



2022). Our focus on dependence on external resources also connects the paper to work
on state capacity, weak states, and foreign financing (Dube and Naidu, 2015; Fearon and
Laitin, 2003; Besley and Persson, 2010). A related literature studies the effect of third-party
intervention on conflict duration, finding that intervention can reduce the duration of war
and facilitate quicker stalemates (Beardsley, 2012), while external support can prolong civil
wars (Cunningham, 2010; Regan, 2002), though it depends on the fungibility of the support
(Sawyer, Cunningham, and Reed, 2017).

Our model is most closely related to two recent articles that also study asymmetric
information and learning in the context of war fighting. First, Krainin et al. (2020) develops a
bargaining model where a government faces uncertainty about rebel strength that deteriorates
over time, showing how this can lead to rational quagmires where fighting continues despite
repeated failures. Their model also features dynamic learning about military capabilities
through battles, but differs in several key respects. Most importantly, the players’ preferences
are opposed and they do not incorporate third-party intervention that can affect the learning
process. Second, Grillo and Nicolo (2025) shares our focus on learning and third party
intervention; however, it differs in how it conceives of intervention. Their model features direct
military aid and sanctions affecting the attacker’s learning about their own strength. Our
model examines when allies strategically withhold or provide support, and how the recipient’s
choices influence the donor’s beliefs about winning prospects, even when the ally donor and
recipient have aligned preferences in the conflict.

We focus on a conflict setting, but our results also speak to formal models of political
delegation more broadly. In particular, models of American politics have studied how an
agent’s behavior today affects whether a principal can continue to delegate to them tomorrow.
For example, Gailmard and Patty (2007) study a model in which the legislature repeatedly
decides whether to allow a bureaucrat to make policy, and hence the bureaucrat considers the
legislature’s future decisions when making their policy choices. Additionally, Gailmard (2021)
shows how an agent may make bargaining concessions to a third party to conceal weakness
when observed policy outcomes affect the principal’s retention decision. We instead focus on
a principal and agent that agree on the best action after delegation, but distortion nonetheless

arises because the agent’s behavior affects the principal’s willingness to continue delegating



in the future.

Finally, the paper also relates to work in economic theory on dynamic principal-agent
problems. Studies of repeated moral hazard have examined how an ongoing relationship can
provide incentives when the principal cannot directly observe or control the agent’s behavior
(Spear and Srivastava, 1987; Padr6 i Miquel and Yared, 2012). Moreover, Lipnowski and
Ramos (2020) model repeated delegation when to an agent that privately observes the payoff-
relevant conditions but has preferences that systematically differ from the principal’s. We
study a model of repeated delegation in which we add a separate persistent dimension of
private information, with the distribution of the payoff-relevant conditions the agent privately
observes being governed by their private type, and the agent’s choices therefore potentially

revealing information about that type.

2 Model

Two countries, a donor and a recipient, play a repeated game. Time is discrete and indexed by
t=1,2,...,T, with T > 1 finite or infinite, and future payoffs are discounted by ¢ € (0,1). At
the beginning of the game, the recipient’s type 6 € {0,1} is determined by Nature according
to prior 1 = Pr(# = 1) € (0,1), with 1 denoting strong and 0 weak. The recipient knows
their type but the donor does not.

At the beginning of each period ¢, the donor chooses whether to fund the recipient. If the
donor does not fund, denoted by d; = 0, then the donor receives a series of flow payoffs of
¢ > 0 for the remaining T'— t 4+ 1 periods and the recipient receives zero.

On the other hand, if the donor funds, d; = 1, Nature then determines whether the
recipient will have an opportunity for a successful attack or not, w; € {0, 1}, which we refer
to as rain or shine. Specifically, the probability of shine sy depends on the recipient’s private
type, with the assumption that strong types generate more opportunities, s; > sg. While
sp and s1 are known to both players, the realized weather w; is only known to the recipient.
Having observed the weather, the recipient then chooses to defend or attack, r, € {0,1}
where 1 indicates attack and 0 indicates a defense. For both players, attacking in the shine

yields a flow payoff a > 0, defending in the rain yields b > 0, and players receive zero



otherwise. We say that a recipient that maximizes their period t flow payoff, r, = wy, is
playing sincerely in that period. At the end of each period, the flow payoff is publicly observed
by the donor with probability A € [0, 1]. Players receive their flow payoffs whether or not the
donor observes them, and thus monitoring affects only the donor’s information. We refer to A
as the donor’s monitoring capacity, and we are especially interested in strategic interactions
with low monitoring.

We also make the following assumptions on the model primitives.

Assumption 1 (Payoffs). Given ¢, so, s1, the payoffs a,b, ¢ satisfy

s1a > c, (1)

(s1a —¢)(c — spa)
a(l —s0s1) — (2 — sp — s1)

>b (2)

(5(80(1 + (1 — So)b) > b. (3)

Inequality (1) of Assumption 1 guarantees both that donors want to fund strong types,
and that donors would still prefer to fund strong types even if they never defend in the rain.
Inequality (2) bounds the defense payoff b from above so that, from any belief at which the
profitability of funding depends on the recipient’s tactics, a single defense revealing the rain
leaves the donor unwilling to fund even a sincere recipient. Finally, inequality (3) ensures that
the recipient would prefer a payoff of zero today with funding tomorrow to a payoff of b today
and the end of funding. Together, these conditions essentially guarantee that a is sufficiently
large and b is sufficiently small to generate the strategic interaction of greatest interest, where
the donor does not want to fund a weak type and the weak type the recipient does not want

to forfeit the promise of tomorrow’s funding for an immediate gain today.
Assumption 2 (Reputational Incentives). sg+ 1/d > 2.

In Assumption 2, we require that the weak type’s probability of favorable shine conditions
is sufficiently large given the common discount factor. Rearranged, the inequality reads
b > 0(1 —s0)b/(1 —9), i.e., the value of defending in the rain today is greater than the
expected discounted value of defending in every future rainy period. We show that, given

support continues, the largest possible difference in the recipient’s future value across donor



beliefs is bounded by the value of defending in future rainy periods (Lemma 7, Appendix
C.1). The assumption therefore ensures that no reputational gain justifies sacrificing a defense
today unless the donor’s continued support is at stake. This serves to isolate the effect of
the conditionality of support, as recipients in our setting never distort their tactics merely to
appear strong, and any insincere play relates directly to the risk of losing the donor’s support.
If the condition does not hold, a better reputation could be worth more than a defense even
when the donor’s support is not at risk, and deviations from sincere play would no longer

indicate that support is in doubt.

Timing
To summarize, the timing is as follows. The stage game is illustrated in Figure 1.

1. Nature draws the recipient’s strength, 6§ € {0,1}, observed by the recipient and for

which the donor has a well-specified prior belief, p.
2. The donor stays out or funds, d; € {0,1}. If they stay out, the game ends.

3. Nature rains or shines w; € {0,1} with probs. 1 — sy and sy, respectively, where 1 >

s1 > sg > 0.
4. The recipient observes the weather, then plays defends or attacks, r; € {0,1}.

5. The donor updates beliefs by Bayes’ rule given the recipient’s action and flow payoffs if

they observe them (which occurs with prob. \).

If t < T, period t + 1 proceeds from step 2. If t =T, total payoffs are realized.

We restrict attention to strategies that are Markov in the donor’s belief p and, when
T < 00, the number of periods remaining. When T = 0o, strategies depend only on the current
belief. For every belief at which funding is part of the donor’s strategy, posteriors follow
from Bayes’ rule whenever possible. We also assume initial priors that do not immediately
end the game (otherwise there is no interaction to study). We refer to any such Markov
perfect Bayesian equilibrium simply as equilibrium and focus on equilibria with the following

monotone properties.



attack

defend

fund
attack

not defend (b,b)

fund (C, 0)

Figure 1: Stage game between a donor (D) and a recipient (R) of type 6. Note: Nature (N)
chooses the weather. The payoffs list the donor’s flow payoff first and the recipient’s second.

Definition 1 (Monotonicity). An equilibrium o is called monotone if

(i) at every information set, the donor’s posterior belief about recipient type is weakly

increasing in the recipient’s action for each monitoring realization,

(ii) for each type O of the recipient, the probability of defending in the rain is weakly increasing

across nondegenerate beliefs, and

(iii) the donor funds if and only if their current belief p is sufficiently large, p > iy € [0,1]

for some threshold that may depend on time.

Definition 1 pins down the equilibria in which attacking looks strong, avoiding ones where
strong types can signal strength by defending, for example. The donor reads an attack as
good news about strength by part (i), and funds those recipients they sufficiently believe in
by part (iii). Additionally, by part (ii), each recipient is more likely to distort their battlefield

tactics as their reputation becomes less secure.

2.1 Comments on the model

The donor and the recipient want the same things in the war, and they disagree only in that
the donor holds an outside option worth ¢ each period. Every strategic distortion in our
results thus arises from the funding relationship itself, not from divergent war aims. This is

a deliberate choice that allows the model to isolate how the conditionality of support affects



fighting behavior on the battlefield.

The flow payoffs a, b, and ¢ admit a broader interpretation than fixed returns. In any
period, an attack launched in the shine may resolve into a distribution over battlefield
outcomes, such as a territorial advance, human casualties, or equipment destroyed. Then,
a can be read as the expected value of that distribution, incorporating the probability that
the offensive succeeds outright as well as the probability that it fails at great cost. The payoffs
b and ¢ admit a similar reading, with each period’s flow payoff standing in for the expected
draw from the distribution of possible events. Under non-zero monitoring, this interpretation
requires that the donor’s observation of a realized outcome still reveals the weather.

We think of the large, finite 7" horizon as the most practical version for the application.
Wars of external support cannot go on forever: appropriations expire, stockpiles deplete,
elections change leaders, and opponents lose the capacity to continue. However, analyzing
every horizon disciplines the mechanism. The equilibrium takes the same threshold form
whether the horizon is short, long, or infinite, and the incentive to distort battlefield tactics
is present throughout.

Finally, the weather w; reflects conditions on the battlefield that the recipient observes
directly but the donor is not guaranteed to learn, such as opportunities for attack, the state
of the recipient’s units, or general morale. A recipient whose funding depends on the donor’s
beliefs has an incentive to misrepresent these conditions. Any observer can watch the front line
move, but gaining or losing territory is not the same as winning or losing the war. An offensive
that gains ground while exhausting troops and equipment can leave the recipient worse off
than no offensive at all, and a defense that concedes small losses today but preserves the force
for tomorrow can be a tactical success. Judging these gains and losses requires information
that the recipient alone has, and even well-resourced observers get wrong.?> We model donors
as being able to recover information that reveals these short-term gains and losses with
monitoring probability A. Because of our interest in the effect of support’s conditionality

on tactics, we are especially interested in situations with low to no monitoring.

3For example, analysts widely debated whether the 2023 Ukrainian counteroffensive was a success,

despite agreement on how the front line had moved (Kofman and Lee, 2023).



3 Equilibrium

In this section, we characterize the monotone equilibria of interest. Sincere play returns both
players the greatest flow payoff, with the donor preferring it conditional on funding today and
the recipient preferring it conditional on funding in the future. However, as we will see, the
donor’s inability to commit to future funding creates an incentive for the recipient to deviate
from sincere play.

Before the main result, we note that the donor’s funding threshold in any monotone
equilibrium weakly declines over time when monitoring is rare (Proposition 6, Appendix C.6).
To see why, suppose the donor funded a belief below the next period’s funding threshold. An
attack that both types make carries no information, the belief either stays where it is or
reveals the rain, and support ends regardless. With no reputational concerns, the recipient
would rather defend in the rain and collect b. At higher funded beliefs, where an attack does
preserve funding, the recipient attacks in the rain to keep it. Defending in the rain would
then be more attractive at the lower belief than at the higher one, which reverses part (ii) of
Definition 1. No monotone equilibrium can fund such a belief, and thus the funding threshold
weakly declines over time.

Next, consider the recipient at beliefs near the funding threshold. When play is sincere,
a defense reveals the rain, and the donor’s belief falls to a posterior we denote p~ (u). Then,
a recipient who defends at a belief below (=)' (fiz+1) drops the donor’s posterior below the
next funding threshold and forfeits all future support. Whether and how this danger shapes

strategic behavior is captured by the following result.
Theorem 1. Fiz T < oco. There exists a \* € (0,1) such that, for all A < \*,
(i) a monotone equilibrium exists;

(i) in every monotone equilibrium, there exists a threshold fi; € (0,1) such that the donor

funds in period t if and only if pu > [;

(ii) in every monotone equilibrium, there exists a threshold pu} € [(u™) " (fie41),1] for all
t < T, with (u™ )" (figs1) > fir, such that both types of recipient play sincerely for any

w > pf and pool on attack for any p € [fit, pf) in each period t.
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In every monotone equilibrium, we see the same general pattern across periods: if the
donor’s current belief is sufficiently high, the recipient will fight sincerely on the battlefield,
confident they will continue to receive support. If the donor’s current belief is sufficiently
low, they will simply pull funding. In between these two thresholds, the donor will continue
to fund but the recipient will distort their battlefield tactics by attacking in every period,
regardless of the weather.

To see why deviation from sincere play arises, consider the recipient’s problem at a belief
just above the donor’s funding threshold. Both types attack in the shine, and thus a defense
reveals the rain whether or not the donor observes the flow payoff. Consider then a funded
belief low enough that a revealed rain drops the donor’s posterior below the next funding
threshold. Defending there collects b and ends support. Attacking conceals the rain with
probability 1 — A, and a recipient who keeps funding collects at least one more funded sincere
period, which is worth more than b by Assumption 1. Additionally, the two types never
separate at a funded belief, with one playing sincerely and the other attacks regardless of
the weather. Because both types attack in the shine, separation would require one type to
attack in the rain while the other defends, sacrificing the current payoff b in exchange for a
more favorable reputation. However, Assumption 2 ensures that the resulting improvement
in continuation value is never large enough to justify this sacrifice.

The result takes the donor’s monitoring capacity to be sufficiently low. Attacking in
the rain trades a certain payoff of b for a chance at continued funding, and that chance is
the probability 1 — A that the flow payoff goes unobserved. When the donor is unlikely to
observe flow payoffs, concealment almost always works and attacking in the rain is worth it.
If monitoring capacity were high, on the other hand, an attack in the rain is likely to be
exposed, and the recipient then loses the defense payoff while the donor learns of the rain
anyway. The bound A* guarantees that, at every belief where a defense would end funding,
attacking today is likely enough to conceal the rainy weather that it is worth sacrificing the
flow of b.

Figure 2 illustrates the equilibrium dynamics, outlining the trajectory of donor beliefs

about a strong recipient over the course of war. The two panels differ in what the donor

4This intermediate region is nonempty in all periods except the terminal period 7.
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A€ (0,X%)

Figure 2: On-path belief dynamics p; for a strong recipient. Note: The solid line is a realized
belief path. Both types play sincerely above the dotted threshold p; and always attack below
it, and the donor funds above the dashed threshold fi;. At A = 0, funding in the first period
guarantees funding through period T', whereas at A > 0 even the strong type can lose funding.
The parameter values used to generate the figure are a = 1, b =1/12, ¢ = 1/2, § = 11/20,
so=1/3, 81 =2/3, 1 = 3/4, T = 14, and for the right panel, A = 1/30.

can learn. In the left panel, there is no monitoring A = 0 and thus, because actions are
the donor’s only source of information, the belief does not move while the recipient pools on
attack. Because the thresholds decline over time, a belief can escape the pooling region, in
which case sincere play resumes. The donor learns nothing when funding is in doubt, but can
learn again only when future funding is sufficiently secure. On the path of play, the belief
never falls below the funding threshold, and funding that begins in the first period continues
through the entire war.

On the other hand, the right panel of Figure 2 illustrates the trajectory of beliefs under
low monitoring A € (0,\*). The flow payoff can be observed, in which case a flow payoff of
zero after an attack reveals rain, pushing the donor’s belief about recipient quality below their
funding threshold. As shown in the figure, the donor’s support can end on the equilibrium
path of play even for the strong type that the donor would prefer to fund perpetually. The
weak type does run this risk more heavily, though, as it rains more frequently for them. In
the limit as T" — oo, strong types lose support with non-zero probability, while weak types
lose support almost surely.

Theorem 1 pins down the shape of every monotone equilibrium but not its thresholds,

and different monotone equilibria can pool on different sets of beliefs. Given we are interested
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in how the conditionality of support can create strategic distortions from sincere play, we
are especially interested in equilibria at the boundary of the recipient’s willingness to play
sincerely. Thus, for the remainder of our analysis, we study what we call most-sincere

equilibria.

3.1 Most-sincere equilibria

We now define the class of most-sincere equilibria. Our results concern distortion in battlefield
tactics, so the natural equilibria to examine are those in which the recipient distorts by
attacking in the rain the least. Then, the strategic distortions that survive reflect the

environment, and are not artifacts of selecting a poorly behaved equilibrium.

Definition 2 (Most-sincere Equilibria). Define uf := infsex pf(0) the lowest recipient’s
sincerity threshold, where ¥ is the set of monotone equilibria. A monotone equilibrium is

most-sincere if and only if py = pi for every period t < T

Intuitively, a most-sincere equilibrium is one in which the recipient plays sincerely for the

largest range of beliefs, among all monotone equilibria.
Lemma 1. Suppose A < A*. Then,
(i) most-sincere equilibria exist;

(ii) every most-sincere equilibrium has the lowest donor’s funding threshold for all t > 2

among all monotone equilibria, fir = fi, := infyex fe(0); and
(iii) every most-sincere equilibrium is Pareto optimal among all monotone equilibria.

The lemma shows that, by selecting on the most-sincere recipients, we also pin down the
donor’s behavior. Indeed, equilibria with the most recipient sincerity must also produce the
most donor funding. Although most-sincere equilibria may differ off the path of play and in
the first period’s funding decision, they are otherwise observationally equivalent, generating
the same behavior at every belief on the path and thus a unique distribution over outcomes.
In this way, the thresholds i, and 7 fully capture behavior in every most-sincere equilibrium.
Moreover, because they bound the corresponding thresholds of every monotone equilibrium

from below, the distortions they exhibit understate those of any other monotone equilibrium.
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The result also shows that most-sincere equilibria are Pareto optimal among monotone
equilibria, i.e., there are no alternative monotone equilibria in which a player can be made
better off without making the other worse off. This reinforces our sense in which most-
sincere equilibria are the natural class to examine, as efficiency cannot be improved through

equilibrium selection.

4 Baseline results

4.1 Comparative statics

We now examine how the equilibrium thresholds change with the model’s parameters. The
thresholds . and py depend on time only through the number of remaining periods, and at
A = 0, as that number grows, the thresholds settle toward limits. At A = 0, we denote by
/}[OO} = limp_, By the limiting funding threshold and by H*[Oo] = lim7p_, ¢ the limiting
sincerity threshold. The thresholds approach their limits as more periods remain, and thus

the limits approximate the thresholds in most periods of a long game.
Proposition 1 (Comparative Statics). Suppose A < \*. Then,

1. in every period t, the thresholds fi, and py are weakly increasing in c and weakly

decreasing in a, b, and §; and

2. at A = 0, the threshold /_Z[OO} 1s decreasing in sg and s, and the threshold H*[OO} 18

decreasing in sg, and increasing in s1 if and only if s > 1/2+ ¢/(2a).

The payoff parameters move the thresholds in every period, in directions that hold at any
sufficiently low level of monitoring capability. When there is no monitoring, A = 0, these
limits additionally admit closed forms that do not depend on b or §, which we can use to sign
the effects of recipient strength.

Intuitively, increasing the outside payoff ¢ raises what the donor forgoes in each funded
period, so the donor is willing to fund only at higher beliefs, and both thresholds rise. In
contrast, higher flow payoffs @ and b raise the donor’s expected flow from funding at every

belief, and a higher ¢ raises the weight on the non-negative continuation surplus that funding
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preserves, so the thresholds decline in a, b, and 6. The sincerity threshold marks the beliefs
from which a defense would drop the donor’s posterior below the funding threshold, and thus
the two move in tandem.

The effects of recipient strength are less straightforward. Increasing the strength of either
type makes funding more attractive at every belief, so the limiting donor’s funding threshold
falls in both sg and s;. On the other had, the limiting recipient’s sincerity threshold responds
to strength through two channels. First is the effect on the donor’s funding threshold: both
a higher sg and a higher s; lower the funding threshold, which in turn lowers the belief at
which an additional defense ends donor support. Second is the effect of a defense on the
donor’s posterior belief. A higher sg, holding sy fixed, makes a rain relatively less indicative
of weakness, reducing the drop in the donor’s posterior belief after a defense. Thus, both
channels move in the same direction with regard to changes in sq.

However, this second channel opposes the first with regard to si, as an increase to s;
widens the strength gap between the strong and weak types, making a defense even more
indicative of weakness. When sy is already large, this second channel dominates. This is
because, as the strong type gets even stronger relative to the weak type, a single defense
can drop the donor’s posterior arbitrarily close to zero. A higher s; then raises the limiting
sincerity threshold, and the recipient plays sincerely at fewer beliefs. Greater fighting ability

can therefore make it more difficult for a strong recipient to fight sincerely.

4.2 Welfare under low monitoring

The previous section fixes monitoring capacity and varies the model parameters governing
payoffs, and we now examine how changes in monitoring affect recipient welfare holding the
payoff parameters fixed. One might expect strong recipients to welcome the donor’s scrutiny,
as monitoring gives a strong type the chance to prove their strength and separate from the

weak. The next result shows it is not this simple.

Proposition 2. For each A € [0,)\*), fix any most-sincere equilibrium with funding and

sincerity thresholds fiy(X) and py(X). Denote by Vyi(u; A) the recipient continuation value
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given \. Then, for everyt < T, each 0, and all but finitely many p € (f1:(0), p;(0)),

OV (3 A)

x|, <"

At the beliefs close to the funding threshold, monitoring cannot deliver the separation
a strong type might hope for. Both types attack in the rain at these beliefs, so monitoring
reveals only the weather, and both types experience occasional rain. With no monitoring, a
recipient who pools on attack is certain to keep funding, as nothing can reveal the rain and
the belief stays put until either the end of the game or the sincerity threshold declines below
it and sincere play resumes. On the other hand, a little monitoring exposes this recipient to
two events. A flow payoff revealing the rain drops the donor’s posterior below the funding
threshold, and the recipient of either type loses their support. A flow payoff revealing the
shine moves the donor’s belief upward, which only brings forward the sincere play that was
coming anyway. The first event costs the recipient more than the second gains them. Thus,
at the margin, both types of recipient would choose no monitoring over a little monitoring,
even the strong type.

The result speaks to what donors can and cannot infer from opposition to monitoring
when continued support is in doubt. At these beliefs, both types of recipient prefer that
the donor gain no additional capacity to observe the war, and would thus oppose the donor
investing into even modest oversight, such as an occasional inspection or a noisy intelligence
channel. Opposition of donor monitoring is then not informative about the recipient’s quality.

Next, we investigate a benchmark case with full monitoring, A = 1, for comparison.

4.3 Full monitoring

We close the baseline analysis with a discussion of the full-monitoring benchmark, in which
A = 1 and hence the donor observes every flow payoff. Because the donor can infer the
weather regardless of what the recipient does, the recipient gains nothing by distorting their
battlefield tactics. As a result, there exists a monotone equilibrium in which both types of
recipient play sincerely at every funded belief. In fact, for any finite horizon, the recipient

plays sincerely at every funded belief in essentially every monotone equilibrium (Proposition
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7, Appendix D.1).?

In the sincere full-monitoring equilibrium, the funding threshold also falls dramatically.
When the weather is revealed every period, the donor who funds today learns the recipient’s
type over time, giving a strong recipient time to prove their strength and stopping only after
enough bad news. The chance to learn makes funding worthwhile even at beliefs where its
expected flow payoff falls short of ¢, whereas the donor would never fund such beliefs at
A< A

Together, the results suggest that the distortion in battlefield tactics is in part due to
limited donor monitoring capability, and not only from the conditionality of donor support.
Recipients distort at every monitoring capacity below A*, while the sincere full-monitoring
equilibrium has no distortion at A = 1. Monitoring also determines whether funding outcomes
differ by type. Under no monitoring, both types are funded for the game’s duration, whereas
each type loses funding with non-zero probability under full monitoring.

Figure 3 compares the strong type’s value function across the cases of no, low, and full
monitoring in the infinite-horizon game. With no monitoring, the value is flat across the
pooling region, as the strong type always attacks and collects sya every period until the game
ends. With low monitoring, the value in this region falls below the solid line, as funding now
ends at the first revealed rain, and the same stream of attack payoffs is cut short with positive
probability. This reflects the reduction in welfare shown by Proposition 2, which can be seen
in the vertical drop from the solid to the dashed line for beliefs just above the no-monitoring
funding threshold fi(0).

On the other hand, with full monitoring, the donor is willing to fund at lower beliefs
and thus the recipient’s value function is strictly positive at beliefs where it is zero for the
other cases. At beliefs where the recipient would otherwise always attack, sincere play collects
the defense payoff that attacking forfeits, while revealed rains put funding at risk. The full-
monitoring value thus dips below the no-monitoring value only near the donor’s no-monitoring
funding threshold, where exit risk is highest. All three cases converge at u = 1, where sincere
play yields (sia + (1 —s1)b)/(1 —9).

®Sincere play obtains for all but finitely many values of b, under the convention that beliefs after

zero-probability action-payoff observations condition only on the inferred weather.
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Figure 3: Strong recipient’s value function V; in the donor’s belief over an infinite horizon.
Note: The solid line reflects no monitoring A = 0, the dashed line reflects low-level monitoring
A € (0,\*), and the dotted line reflects full monitoring with A = 1 as constructed in part (i)
of Proposition 7. For legibility, levels and spacing are not drawn to scale.

5 Commitment

The baseline results locate the strategic distortion in battlefield tactics in the conditionality
of funding and low monitoring capability, as recipients attack in the rain to maintain support
they could otherwise lose. A natural potential remedy is for the donor to commit to future
funding ahead of time. We now show that limited commitments, even if credible, do not
change the recipient’s tactics at all.

We adapt the baseline model as follows. In the first period, the donor commits to funding
the first k£ periods regardless of what they subsequently observe, and we refer to these periods
as the commitment block. From period k£ + 1 on, the game proceeds as before without
commitment for the remaining T" — k periods, with play following a most-sincere equilibrium
of that continuation game that attains the lowest funding threshold in its first period, which
exists by Lemma 1.

Specifically, the timing of the commitment game is as follows, with the new commitment

component italicized. Steps 1-4 are identical to those in the baseline model.

1. Nature draws the recipient’s strength, # € {0,1}, observed by the recipient and for

which the donor has a well-specified prior belief, .
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2. The donor stays out or funds, d; € {0,1}. If they stay out, the game ends.

3. Nature rains or shines w; € {0,1} with probs. 1 — sy and sy, respectively, where 1 >

s1 > sg > 0.
4. The recipient observes the weather, then plays defends or attacks, r; € {0,1}.

5. The donor updates beliefs by Bayes’ rule given the recipient’s action and flow payoffs if

they observe them (which occurs with prob. A).

Ift < k, period t + 1 proceeds from step 3. If k <t < T, period t+ 1 proceeds from step

2. If t =T, total payoffs are realized.

We evaluate the efficacy of commitment in most-sincere equilibria, as a commitment that
fails to restore sincerity in the equilibria with the most sincere play fails in every other
monotone equilibrium. Moreover, we focus on the case of no monitoring, A = 0. This is
because when flow payoffs are never observed, commitment is tested against the incentive to
distort alone. To see this, note that the donor’s beliefs can decline either because of what the
recipient does (the recipient takes actions to defend) or despite what it does (the recipient acts
to maintain donor beliefs, but the donor observes payoffs through its monitoring capability
and infers the weather). The goal of committed support is to overcome the recipient’s
strategic incentive to distort their tactics, but a commitment unavoidably also insures the
recipient against unfavorable monitoring realizations by the donor. We thus isolate the effect

of commitment on the recipient’s incentive to deviate from sincere play by setting A = 0.

Proposition 3. Let T' < oo, A = 0, and 1 € [,(0), u7(0)). Then, there exists a E>2
such that, for every k < k, the commitment game has a monotone equilibrium and, in every

monotone equilibrium, both types of recipient attack at every belief reached in the block.

We find that giving the donor the ability to commit to funding does not recover sincere
recipient fighting. During the block, the recipient cannot lose funding, yet their tactics still
move the donor’s belief, and the belief at the block’s end decides whether funding continues.
In every monotone equilibrium of a game with sufficiently limited commitments, both types

attack through the entire block.
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The incentive to distort battlefield tactics unravels backward through the commitment
block. Consider a block of k periods, and suppose the recipient reaches period k. Sincere play
would have a defense reveal rain, and the donor enters period k+ 1 believing the recipient too
weak to fund, so the recipient attacks in the rain just as they would without a guarantee. Now
consider period k — 1. A defense there reveals the rain all the same, the donor carries that
knowledge to the block’s end, and funding is nonetheless revoked when discretion returns.
The recipient thus attacks in period k — 1, as well, and the argument continues backward
until the game’s start. The bound k& marks the block lengths at which funding after the block
is worth more to the recipient than what they expect from sincere play inside it.

Therefore, limited commitments do not help. In fact, we find that as the game lengthens
and countries care enough about the future, the unraveling argument covers commitments of

any fixed duration.

Proposition 4. Let A\ = 0. Then, for every K € N, there is a 6 <1 and T : (0,1) — N such
that, for every § > 6, T > T(6), 1 € [gl(O),g[oo](O)], k< K, and all (a,b, c, sg, s1) satisfying
Assumptions 1-2, the commitment game has a monotone equilibrium and, in every monotone

equilibrium, both types of recipient attack at every belief reached in the commitment block.

For any commitment block the donor might consider, a long enough war between patient
players produces the same distorted battlefield tactics as no commitment at all.® Any
commitment that does not last to the end of the game leaves a discretionary period for
tactics to influence, and if players are sufficiently patient, the incentives unravel backward
from the end of the commitment period.

Total commitment and full monitoring accomplish the same thing by different means.
The recipient is unable to conceal the weather when the donor observes flow payoffs, and they
have no reason to distort their battlefield tactics when the donor commits to fund them for
the duration of the war. As a result, sincere fighting is attained in each case. However, as
our results show, neither commitment nor monitoring accomplishes this in its partial form:

recipients are willing to deviate from sincere play at every sufficiently low monitoring capacity

SNote that, because Assumption 2 requires § < 1/(2 — sg), the discount factors above § are
admissible only alongside sufficiently high values of sg, and thus long wars with patient players must

come with weak types receiving the shine often enough for the strategic tension to hold.
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and sincere play cannot be recovered by a commitment of any fixed length when the war is
long enough relative to it and the countries are patient enough.

It is also worth noting that our second commitment result requires the initial belief to be
at or below the limiting funding threshold rather than up to the sincerity threshold. This is
because, for any of these beliefs, a defense reveals the rain and moves the donor’s posterior
below the funding threshold of every period at every time horizon, and the unraveling therefore
runs through every possible commitment block. Thus, these beliefs are those at which the

need for commitment is greatest, as continued support is guaranteed to remain in doubt.

6 Empirical implications

Our results characterize when belligerents intentionally and strategically perform suboptimally
on the battlefield, why belligerents are worse off when the donor has the capacity to engage
in low-level monitoring, and why funding commitments typically fail to remedy the problem.
Each of these claims speaks to an active empirical literature on security assistance.

In this section, we discuss three main empirical implications. First, we illustrate the
mechanism of Theorem 1 in the US experience in Afghanistan as well as its implications
for what can be learned from the conditionality of external war support. Second, we show
how Proposition 2 provides important caveats to the inferences scholars can make from a
recipient’s opposition to donor monitoring, with Ukraine’s opposition to US oversight as the
running example. Third, we argue that the incentive structure that sustains Propositions 3
and 4 was present in the case of US support to the Soviet Union during World War II, and

offer implications for what this may imply about Soviet conduct at the time.

6.1 Battlefield tactics in Afghanistan (2015-2021)

Theorem 1 identifies two conditions under which the belligerent distorts their battlefield
tactics: (i) the donor’s monitoring capacity is low and (ii) the donor’s belief is high enough
to merit support but low enough to leave the belligerent insecure in future funding. At these
beliefs, the recipient does not respond to battlefield conditions, sacrificing the occasional payoff

of a correct defense to keep the donor from observing negative conditions. Importantly, both
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the weak and the strong belligerent engage in this strategic distortion, as continued support
is in doubt for each at these intermediate beliefs.

Our analysis reveals a new downside of conditionality in external support that has been
missed by the empirical literature. Work on security assistance usually focuses on settings
where the donor and recipient have divergent interests. This is a more standard principal-
agent problem where the donor must extract effort from the recipient, who has an incentive
not to comply. In that setting, it is regularly argued that conditionality is the remedy
to unfavorable distortions by the recipient (Biddle, Macdonald, and Baker, 2018; Berman
and Lake, 2019). Instead, we explore a less conventional principal-agent problem in which
incentives are perfectly aligned conditional on delegation, i.e., the donor and the recipient
want exactly the same war outcome once support has been dealt. In our setting, we find
conditionality becomes the source of the recipient’s distortions.

The observable antecedents of the theorem hold in the case of Afghanistan. The US
funded the Afghan National Defense and Security Forces through annual appropriations,
and the continuation of that support was never assured, with the option of withdrawal
openly contested within the US. After the combat mission ended in 2015, fewer advisers
were embedded in the field and those that remained had limited interaction with lower-level
units. As a result, much of the new information about battlefield conditions came through
reports that the US could not independently verify. For example, the US had limited ability
to independently verify what units below the corps level were reporting, and it was found
that the tools used for assessment failed to capture intangibles on the ground.”

Our theory offers a compelling explanation for why Afghan commanders exhausted their
best troops in repeated efforts to reinforce threatened positions and recapture lost ground.
These seemingly counterproductive tactics may have been catered towards securing funding
despite being suboptimal in pursuing their objectives in war. As US support grew increasingly
uncertain in 2021, Afghan commanders committed their most capable force, the Commandos,
to recover lost territory. Despite the fact that the Commandos had systems in place for rest

and recovery, these systems were regularly ignored.® Consistent with our analysis, there was

"Refer to SIGAR (2017) and SIGAR (2023).
®Refer to United States Department of Defense (2020).
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a long-term incentive to engage in this distortionary behavior, as holding the Commandos
back would have communicated that Afghan leaders viewed the mission as unattainable.
Additionally, our theory provides an explanation for why the US could not see the collapse
of the Afghan forces coming. The conventional wisdom is that the US had a poor assessment
of Afghan capability; however, our results suggest that improving the assessment framework
alone would not have solved this problem so long as the US maintained low monitoring
capability on the ground. Because both the strong and weak recipient distort their observable
tactics in the face of insecure funding, the operations the US could have observed would have
carried little information about the long-term prospects of the Afghan forces. The US, having
no news on which to update, therefore kept its beliefs largely fixed until forces outside the

recipient’s control revealed the bad news.

6.2 Opposition to monitoring in Ukraine (2022-2024)

Proposition 2 presents the counterintuitive finding that the strong recipient, in addition to
the weak one, prefers no monitoring to low levels when their continued support is sufficiently
vulnerable. One would expect the strong type to welcome monitoring, as it provides them
an opportunity to reveal their strength to the donor. However, when beliefs are intermediate
and a negative shock to the donor’s belief can cause them to pull their support, even the
strong types worry about being unlucky and having the occasional “rainy weather” revealed
to the donor. Any marginal gain at low levels of monitoring is guaranteed to be offset by the
expected losses incurred by this risk.

This logic has parallels in the case of US support for Ukraine. Although the US supplied
crucial intelligence to Ukraine, Ukrainian officials chose to keep most of their operational
plans private from the start of the war (Barnes, Schmitt, and Cooper, 2022). US officials in
the Biden administration joked that they knew more from spying on the Russians than from
their Ukrainian partners (Entous, 2025). The common explanation is that Ukraine did not
want to be vetoed by the US, but our theory suggests it may have also been in part due to
concerns that their plans would highlight weaknesses and discourage continued support.

In particular, our explanation is consistent with the fact that Ukraine was regularly

insecure in their external aid at various times throughout the war. Ukrainian officials were
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frequently seeking assurances from the US by expressing concerns about their support after
the US elections and raising the case of Afghanistan with them directly, fearing they would be
abandoned (Entous, 2025). Snyder (1984) proposes this fear of abandonment in the alliance
security dilemma, identifying heightened loyalty to the ally and firmness toward the adversary
as common reactions. Our theory identifies another reaction in that the recipient strategically
keeps information about the war from the donor.

Moreover, Ukraine began sharing their battlefield plans and seeking US and British advice
later in the summer of 2022, once it was viewed as being likely that the joint offensive would
succeed (Barnes, Schmitt, and Cooper, 2022). Yet, after the failed counteroffensive in 2023
and the stalled continuation of support by the US Congress, Ukraine began keeping operations
private again. For example, a covert ground operation into Russia was planned in March 2024
without US knowledge, leading to a confrontation between the CIA station chief in Kyiv and
head of Ukrainian military intelligence. Likewise, foreknowledge of the Kursk incursion was
kept from the US (Entous, 2025). This fluctuation in Ukrainian transparency with the US
is consistent with our model, as recipients prefer less monitoring at intermediate beliefs in
which support is precarious. Surprisingly, our model also suggests that these changes in

transparency do not necessarily reflect changes in the underlying recipient prospects.

6.3 Limited commitments in the Soviet Union (1941-1943)

Next, we provide evidence for our results on commitment. Specifically, Propositions 3 and
4 suggest that limited commitments are unlikely to mitigate the recipient’s distortionary
behavior. Even while funding commitments are in place, the recipient has the incentive to
manage the donor’s beliefs by overattacking. When a commitment period does not persist
through to the end of the war, there is always a period at which the donor can decide to pull
funding, and they may choose to do so if their beliefs have not been managed in the interim.
This runs in contrast to typical expectations, where committed support is proposed to free
the recipient of their funding concerns and allow them to focus on winning the war.

Our theoretical findings on commitment are illustrated in the case of aid to the Soviet
Union during World War II. This included a series of agreements in which US and British

support was guaranteed for a specified period. Throughout this arrangement, the US stayed
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committed to honoring their existing agreements but remained open to whether future support
should be continued or not. This approach was a policy of “unconditional aid” (Herring,
1973), but only within the agreement periods. Beyond that, support remained conditioned
on evolving US beliefs about Soviet prospects. For example, in a 1941 memorandum to the
Secretary of War, President Roosevelt insisted on the importance of providing the USSR
with commitments to help with munitions through June 1942; however, considerations on aid
beyond that point were left “to be decided at a later date, in the light of the then existing
circumstances” (Roosevelt, 1941). Most importantly, Roosevelt felt that aid should be tied
to whether the USSR “continues to fight the Axis powers effectively,” closely matching the
interests and incentives of the donor in our model.

In our theory, when beliefs are intermediate, the donor learns nothing about the recipient’s
strength during a limited commitment block, as the recipient attacks regardless of the weather
to conceal unfavorable conditions. Similarly, during this time, the Soviets were unwilling
to share information with their allies, and so US beliefs moved primarily with what could
be assessed from observables. For example, roughly halfway through the first agreement,
the US embassy in Moscow assessed USSR morale and evaluated their losses and capacity
to withstand the coming German offensive (Thurston, 1942). A subsequent agreement was
proposed to the USSR prior to the conclusion of the first agreement, and hence its terms
reflected beliefs formed before the conclusion of this first commitment block (Roosevelt, 1942).
Of course, we cannot be certain that Soviet tactics responded to this incentive, but the details

of the case reveal that the underlying incentive structure was in place.

7 Conclusion

This paper studies external support in war when a donor’s willingness to continue providing
support depends on their beliefs about the recipient’s prospects. We develop a dynamic model
in which the donor and recipient agree on the optimal battlefield tactics, but the recipient
privately observes conditions on the ground and the donor learns about recipient strength
from battlefield behavior. We show that, when monitoring is limited, recipients may distort

their tactics in order to preserve future support (Theorem 1). When the donor is confident in
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the recipient, the recipient fights sincerely. At intermediate levels of confidence where funding
remains secure today but is vulnerable in the future, both types instead attack regardless of
the battlefield conditions in order to regulate the donor’s beliefs.

We find that greater fighting ability can make it more difficult for a strong recipient
to fight sincerely because a setback becomes more informative of weakness (Proposition 1).
We also show that limited monitoring can make both weak and strong recipients worse off
(Proposition 2). This is because limited monitoring exposes unfavorable battlefield conditions
without mitigating the recipient’s incentive to distort their tactics. In contrast, full monitoring
reveals battlefield conditions and recovers sincere play (Proposition 7).

Finally, we consider whether commitments to future support can eliminate distortions
caused by the conditionality of support. We show that limited commitments do not change
recipient behavior because battlefield actions during the commitment period continue to affect
the donor’s beliefs and whether support continues after the commitment ends (Proposition
3). For any finite commitment length, a sufficiently long war between patient players induces
the same behavior as a game with no commitment (Proposition 4). The results suggest that
neither low levels of monitoring nor limited commitments resolve the incentives created by
the conditionality of external support.

Our theoretical results have empirical implications for how we understand conditional
external support in war. Uncertainty over continued US assistance to Afghanistan created
incentives for commanders to demonstrate strength through costly offensive operations even
when those tactics were counterproductive to their broader war aims. In Ukraine, the results
caution against interpreting Ukrainian opposition to US monitoring as evidence of weakness,
as even a strong recipient may prefer less monitoring when continued support is insecure.
Lastly, the commitment results help explain why US assessments of Soviet prospects during
World War II continued to matter for the USSR despite aid agreements already being in place.
Together, these cases illustrate how the conditionality of external support can create perverse

incentives for belligerents in war.
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A Preliminaries

Throughout, an equilibrium specifies the donor’s belief at every history, with Bayes’ rule
applied at every belief the donor funds, beliefs concentrated on the support of the current
belief, and beliefs otherwise unrestricted at off-path histories the donor reaches only by
deviating to fund.

We begin by defining a few key objects pertaining to the donor’s beliefs. First, for
simplicity, define s(u) := us; + (1 — p)sp the expected probability of shine given donor
beliefs p, noting that it is affine and strictly increasing. This allows us to write the expected
flow payoff at belief y under sincere play by u*"(u) := s(u)a+ (1 — s(u))b. When both types
of the recipient play sincerely and the flow payoff is observed, we can also write the posterior

beliefs as

) = P (W)= T s(n) "

after inferring a shine and rain occurred, respectively.
Let us note two properties of these updates. First, each is invertible, as both are continuous
and strictly increasing bijections with strictly positive derivatives. Second, because p* () >

> p(p) for all pu, we have
()M ) > > ()W)

for every ¢/ € (0,1).

Next, let us define two thresholds in donor beliefs. First, the belief that makes the donor
indifferent between the flow payoffs from funding and those from not funding when both types
of recipient play sincerely is given by p*™ that solves u*"(u*") = c. Second, the belief that
makes the donor indifferent about flow payoffs when both types pool on attack regardless of

att )

the weather is likewise given by u®? that solves s(u®)a = c. Solving for these indifference

beliefs results in

c—spa— (1 —50)b
(51 —s0)(a—0)

a c— Spa
c(0,1);  ptt= m € (0,1). (A.2)

sin __

L

To see that both beliefs are interior, note first that ¢ > sga. Otherwise the denominator
of inequality (2), which expands to (1 — sg)(a — ¢) — (1 — s1)(c — spa), would be positive
while its numerator would be at most zero, contradicting b > 0. Because ¢ < sja, the
denominator is positive, and inequality (2) then gives ¢ — spa > (1 — sg)b, so both numerators
above are positive, and both beliefs are below one because ¢ < sija. Note also that b <
(¢ — soa)/(1 — so) < a, because ¢ < a, so the defense payoff lies strictly below the attack
payoff. Because c¢/a > (¢ —b)/(a — b), we can also conclude that u® > ;5. The belief at
which the donor is indifferent among flow payoffs when the recipient always pools on attack

is strictly larger than that when the recipient plays sincerely.
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More generally, with current beliefs u, we can denote the donor’s posterior belief after only
action r is observed by u’”’@(u) and the posterior after both action r and flow payoffs (and
hence weather w can be perfectly inferred) by u™“(u). By part (i) of Definition 1, the posterior
after an attack is weakly higher than that after a defense in any monotone equilibrium, hence
for any p, p'?(p) > pO?(p) and '@ (u) > pO%(u) for every w. Noting that, at any belief
the donor funds, the prior p is a weighted average of the posteriors after the actions taken
with positive probability, part (i) of Definition 1 gives u € [u%?(n), u"?(1)] at every such
belief. Likewise, conditional on the weather w, the updated prior is u*(u) in the shine and
p~(p) in the rain, and part (i) of Definition 1 likewise gives u*(u) € [u%(u), ut (1)) and
(1) €[00 (), u*0(p)] at every such belief.

For a fixed equilibrium, we let og,, (1) € [0, 1] denote the probability that type 6 plays the
sincere action 7 = w at weather w when the donor’s belief is p. In this notation, ogy (1) is the
probability that type € attacks in the shine, and ogg(p) is the probability that type 6 defends

in the rain.
A.1 Lemma 2
Lemma 2. p~ (p%) < ps.

Proof. First, note that

a1 —s1) (1 —s1)(c— spa)
w () 1—s(uott) — (51— so)(a—c)

where the first equality follows by equation (A.1) and the second equality by (A.2). Further,

recall the definition of ;5™ in terms of model primitives, given by equation (A.2).

att )

Then, we can see that = (u®?) < p*™ if and only if

(1 —s1)(c— spa) L ¢~ s0a — (1 —s0)b
(s1 = s0)(a—¢) (s1 = s0)(a —b)

Solving for b, we recover

(s1a —¢)(c — spa)

b
< a(l —sps1) — (2 —sp — s1)

which holds by Assumption 1. O

B The donor’s problem

Let ®U!(11) be the donor’s funding surplus at belief 4 with j periods remaining in the game
when the recipient pools on attack at beliefs below 1*U) and plays sincerely at beliefs of at least
p*l)) with ®0(p) = 0, ®Ul(1) = max{0, Wl (1)}, and bl := inf{p € [0,1] : (1) > 0} for
all j > 1. The surplus from funding the current period T'— j + 1 and continuing the game
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optimally is

Ol () = w () = e+ 8 [s(u@I Yt () + (1= sV ()] (A3)

when both types of recipient play sincerely, where action reveals the weather and so beliefs

move up and down with probabilities determined by s(u), and

() = s(u)a — e+ 6 [ (1= N@U () + As(u)@U =+ (1) | (A.4)

when both types pool on attack, where the belief stays where it is with probability 1 — A
or moves upward with probability As(u). Then, ¥Ul(y) = ‘Ijijz]rL(N) at every pu > p*Ul and
wbl(p) = \Ilg]t]t(,u) at every p < p*ll where p*1 := 0 and p*U! .= (u=)~1(al-1) for every
j > 2, as usual applied to the current period. At j = 1, g} = 0 and ®l0 = 0 give
Wl(p) = u¥™ () — ¢, so play in the final period is sincere, il') = ;*". Also note that the
surplus is bounded, as ®Vl(p) € [0, (a — ¢)/(1 — §)] for all .

Because the game ends once the donor pulls funding, Ll = max{0, \Il[j]} is the value of
the donor’s optimal stopping problem against the posited recipient behavior, and the results
of this section B are statements about the objects ol ﬂm, and M*U]. For the purposes
of this section, recipient play here is an input rather than a best response, and we specify
the threshold by p*ll = (u=)~'(al—1) at each j > 2. These thresholds are defined by the
previous stage’s funding threshold, so the recursion is well defined by backward induction and
does not yet entail solving for the recipient’s best response. We contend with equilibrium
in subsequent sections, which cover arbitrary monotone equilibria such that the recipient’s

threshold need only satisfy u*l1 > (u~) 7 (=) rather than the equality above.

B.1 Proposition 5

With this, we can state the following result.

Proposition 5. Let T' < co and j denote the number of periods remaining so that the current
period is T — j 4+ 1. There exists a A > 0 such that, for every A < A, the donor’s funding
threshold satisfies pl7! > =1 for every j > 2.

Proof. By definition of fil!, we have WUl(4) < 0 and hence ®Ul(1) = 0 at every p < bl

att )

Because s is affine with s(u o)

a = ¢, we have s(u)a — ¢ = (s1 — sp)a(pu — p**) at every belief.

First, we show by induction on j that

att

W () > (81— NP (1 - £) p - Lz s0lel — ) (A.5)

a 1-96
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for every A, 7 > 1, and pu < pu®t. At j = 1, we have

U () = w () — ¢ = s(u)(a —b) +b—c

- (1 — 2) b— (s1— s0)(a — b)(u™ — p),

where we use the fact that s(p) = ¢/a — (s1 — so)(u®™ — p). Then, WH(y) is at least the
right-hand side of inequality (A.5), as (s1 — sgp)(a — b) < (s1 — sg)a < (s1 — sp)a/(1 —9).

Now fix j > 2 and suppose inequality (A.5) holds with j — 1 periods remaining at every
p < p. Because U1 = max{0, W1} the value ®V~1 (1) is also at least the right-hand
side of (A.5) at j — 1, whether that quantity is negative or not. If the recipient pools on attack
at p then, because U1 (u* () >0,

() > (51— so)alu — p) + (1 — )@V~ (p)

zwa—wﬁlﬁ—g)wwa—%mwm—uﬂr+

and the bracketed term equals (1 —0A)/(1 —9) < 1/(1 — 9), which yields (A.5). If, on the
other hand, the recipient plays sincerely at p, the continuation terms are non-negative and
Whl(p) > u¥™(p) — ¢ > (1 —c/a)b— (s1 — so)a(u® — 1), which is at least the right-hand side
of (A.5).

Now, inequality (A.5) is established, and thus WUl(;) > 0 at every belief with

oy - (L2060 1= /b
(s1 — s0)a

i

and every such belief is funded and so lies weakly above illl. Because §(1—\) < 1 and j < T,
we have (5(1 — X))7=1 > (6(1 — X))T~1, so for every 7,

(1—=68) (51—t - c/a)b.

,L_L[j] < ,uatt _
(s1 —s0)a

(A.6)

We know by inequality (2) that b < (c—spa)/(1—so), and ¢ > spa implies (1—c/a)/(1—sg) < 1.
Then, the fraction in (A.6) is less than (c — sga)/[(s1 — so)a] = u®, and the bound on the
funding threshold is strictly above zero.

Now fix j > 2 and take any p < al/~1. Then WU—(4) < 0 and hence ®U—1 () = 0.
Moreover, because u~ (i) < i’ at every belief, p < V=1 < (=)~ (aV—1) = p*V!, and hence
Wbl () = \Il([ft]t(u) With j periods remaining, the surplus from funding at p is evaluated
under pooling on attack. Bounding s(x) < 1 and ®U—1(ut(p)) < (a —¢)/(1 - 6),

oA(a —c)

WUl() = (51— so)alp — u*) + OAs () 7™ (1)) < (51 = so)a(u™™ — ) + =
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and because 1 < gV~ inequality (A.6) implies

pt— > (L—0)(8(1 =) H(1 - C/a)b7
(51— s0)a
and thus
\ll[j](u) < —(1—6)(5(1— )\))T—l (1 E) b 5)\1(a_—66)
Now define

2’ d(a—c)

5 .= min { 1 (1-6)2%/2)T1(1 - c/a)b} > 0.
For every A < A, we have 1 — XA > 1/2 and hence (6(1 — A\))T~! > (6/2)T~!, while A <
(1—10)2(6/2)T=1(1 — ¢/a)b/[6(a — c)] implies

oA(a —c)

1—4 < (1 - 5)(5/2)T71<1 - c/a)b.

Putting these together, we have

(”1("’__50) <(1-9) <3>T_1 (1 - g) b< (1—8)(6(1— )71 (1 . 2) b,

and therefore WU(1) < 0. Thus no belief below gV~ is funded with j periods remaining,
and bl > pb—1l, O

Note that Proposition 5 pins down where the belief that governs the recipient’s sincere

threshold relates to u®. For every A below its bound, iterating gl/—" > gl=2 > ... > gt} =

15" and applying Lemma 2 yields

pbl = ()7 A ) > () T ) > et (A7)
for every j > 2, so every belief with p > p*U! has w(u) > s(p)a > .

B.2 Lemma 3

This next result provides the key bound behind the two results that follow: (i) that the donor’s
surplus is larger under sincere recipient play than when they always attack, and (ii) that it is
increasing in the donor’s belief. To achieve this, we construct a function RVl to capture the

additional value the donor derives from sincere recipient play.

Lemma 3. Let T < oo and j denote the number of periods remaining so that the current
period is T — j + 1. Define RV (p) := @Vl () — 60U (1) — s(u)a + ¢ for j > 1. Then, there
exists a A > 0 such that, for every A < A, we have the following:
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(i) If j > 2 and p > p*V), then
ROy = (1= 6)(1 = s(u)b+ 6 [s(u)RI (1t (1) + (1 = s(u)) RV (™ ()] -

(i) RU(u) > —6X(a — c)/(1 = 6) for every p.

Proof. First, take p > p*ll. At j = 2, p*ll = 0, and at j > 3, Proposition 5 and the
increasing map (u~)~! give p*lil > 1*U=1 5o both types of recipient play sincerely at u in
stages j and j — 1. By inequality (A.7), p > p*U! > 5 so WUl(p) and WU (1) are each at
least u*™ () — ¢ > 0, and hence ®Vl(p) = \IJEZ]TL(M) and ®V-1(p) = \1'221] (). Substituting
and simplifying into the definition of RU! recovers part (i).

For p < ,u*m with WU (1) > 0, where both types of recipient pool on attack, the funded

surplus is
OUl() = s()a — e+ 6 [ (1= MO () + As(u) @It (1)
Subtracting §®U () + s(u)a — c results in
RV (1) = 61 [s() @0~ gt (1)) — @01 ()]

We now bound RU! below by induction on j. At j = 1 there is no continuation, so ®M(u) =
max{0, u*"(u) — ¢} and ®L) () = 0. At every pu with () >0,

R () = @M (1) — 601 (1) — (s(u)a — ¢) = (1 = s(u))b > 0.

At every p with Wl (1) < 0, we instead have ®M (1) = 0 and RM (1) = ¢—s(p)a > 0, because
u¥ (1) < c implies s(p)a < c¢. Now suppose RV () > —6A(a — ¢)/(1 — §) at every u. For
p < bl with wbl(p) >0,

O]

1-6

RUI(p) = 6 [s() @Y1 (ut () — <I>[j‘”(u)] > OA (0 - Cf:g) B

If instead WUl(y) < 0, then p < p*Vl by inequality (A.7), as beliefs of at least p*U! have
WUl(n) > w(u) — ¢ > 0. Then ®Ul(p) = 0, so RU(u) = ¢ — s(u)a — 6®U—1(p), while
WUl (1) = Wl () < 0 gives

c—s(wa > (1= NPV (1) + 5As(u) @V (u (1)

Substituting this into RV! (1) and simplifying,

_dAa—¢)

R7(p) > X |s(u) @Vt () — ‘I’Ufl](”)} R

A-7



Moreover, for p > p*b)) part (i) with RU=U(u*(n)) > =6 (a — ¢)/(1 — §) implies

5?Xa — ) 5?Xa — ¢) O]

RO > (1= 0) (1 =s(u)b— ——— > -~ >~

These cases exhaust the beliefs, so RV () > —6A(a — ¢)/(1 — ) at every pu and every 7,
concluding part (ii). Both parts restrict A only through Proposition 5, so ) is the bound of
Proposition 5. 0

An arbitrary monotone equilibrium may pool on attack at a belief where the posterior
after a flow payoff revealing the rain remains funded, adding the continuation term dA(1 —
s(u))®U= (= (1)) to equation (A.4). The next lemma shows the surplus under sincere play

exceeds even this augmented surplus above p*Ul.

B.3 Lemma 4

Lemma 4. Let T < oo and j denote the number of periods remaining so that the current
period is T'— j + 1. There exists a A > 0 such that, for every A < A, 7 >2, and p > M*[j],

W (1) = WUl () > AL = ()BT (1 ().

Proof. Fix j > 2 and p > p*l!. Then,

W) () — 00, (1) — A1 = s() @5 (i ()
= (1= ()b +8(1 = 2) [s()@ It (1)) + (1 = s(w)) @V~ (™ (1) — @~y

= (1= s(u)b(1 = 6(1 = A)) + 6(L = A) [ s(u) BRI (1" () + (1 = S(M))RU_”(M_(M))} :

where the second equality substitutes the definition of R~ at each belief and the martingale
identity s(u)s(ut (1) + (1= s(u))s(p™ (1)) = s(), using @V~ () = W= (), which follows
from Proposition 5 and inequality (A.7). At j = 2, one period remains, both types play
sincerely at every belief, and put(u) > ", so the last-period case in the proof of Lemma
3 gives RM(u™ () = (1 —s(u™ ()b > 0. At j >3, p(n) > p > U=, so part (i) of

Lemma 3 applies at u*(u), and part (ii) bounds its continuation terms, giving

5’Xa — c)

Rt (1)) = (1 = 6)(1 — s1)b — -5

which is non-negative for every A < (1—0)%(1—s1)b/(6%(a—¢)). At such X, the RU=U(ut (1))
term is non-negative, part (i) of Lemma 3 gives RU=H(u= (1)) > —0X(a — ¢)/(1 — §), and
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thus

WYL () — W (1) — AL — s(u) @6 (i ()

A1 - N)(a—c
> (1— s(w) [b(1 — 51 — Ay - 2= M@ =0)

1-946

The bracketed term is then strictly positive at every A below the bound of the statement.
Taking A to be the smaller of the bound of Proposition 5 and (1 — §)2(1 — s1)b/(62(a — ¢))
completes the proof. O

B.4 Lemma5

Lemma 5. Let T < oo and j denote the number of periods remaining so that the current
period is T — j + 1. There exists a X > 0 such that, for every A < X\ and every j, the donor’s

surplus ®U) is weakly increasing in p.

Proof. We argue by induction on j. In the terminal period such that j = 1, we have & (n) =
max{0, u*™ () — ¢}, which is weakly increasing in p. Now fix j > 2 and suppose ®U—1 is
weakly increasing in u.

First, take 1 < U], where both types of recipient pool on attack. The expected flow
s(p)a is increasing in p. Next period, the belief stays at p with probability 1 — A, rises to
pt(u) with probability As(u), and the surplus otherwise ends at zero. A higher p raises
both continuing beliefs and shifts weight from the zero outcome to u*(u). Because Ppli—1]
is weakly increasing and non-negative, both effects raise the continuation term, so equation
(A.4) is weakly increasing in p. For g > p*ll, both types play sincerely. The expected flow
s(u)a+ (1 —s(u))b is increasing in u, and next period’s belief is () with probability s(u)
and p~(u) otherwise. A higher p raises both pu* (i) and = () and shifts weight from p= ()
to pt (1), so with ®U—1 weakly increasing, equation (A.3) is weakly increasing in y, as well.

It remains to show WUl does not fall as p crosses p*U. At p*Ul, we have Whl(y*bl) =
\I/L]%L(u*[j]) > uw(u*ll) — ¢ > 0 by inequality (A.7), so ®Ul(u*U) = wbl(*U]). Because
equation (A.4) is weakly increasing in p, it therefore suffices to show \I’gt]t(u*[j]) < \I/L]%]n(u*[j]).
Lemma 4 and ®V~1 > 0 give exactly this. Then, \ngt(ﬂ*m) < \Il[sjé]n(u*[j]), the surplus at
every pu < p*U is at most ®U!(u*U]), and ®U! is weakly increasing on all of [0, 1].

Taking X to be the bound of Lemma 4, which lies below the bound of Proposition 5,
completes the proof. O

B.5 Lemma 6
Lemma 6. At every j > 1, pVl(\) — all(0) and pU'(\) — p*91(0) as X — 0.

Proof. Throughout the proof, we write ¥l (5 A) and al! (M) to make dependence on A explicit.
We show by induction on j that alll(A\) — fl1(0) as A — 0 and that there is a finite set of
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beliefs M; such that ®U!(;; \) — ®Ul(1;0) at every u ¢ M;. At j = 1, we have Wl (1; \) =

u¥™ (1) — ¢ at every X, and hence il(\) = 5™ at every A and M; = 0.

Now fix 7 > 2 and suppose the claims hold at j — 1. Define
M; = {p VN 0)} UMy U (u )7 (Ma) U () 7N (M-),

which is finite because p* and p~ are strictly increasing. Take any p ¢ M;. Because
=1 — ab=1(0) and (u~)~! is continuous, we have p*U!(\) — p*U1(0), and because
1 # 1*l1(0), the belief 11 lies on the same side of 11*U(\) as of 1*171(0) for every sufficiently small
A. Suppose first x> £*191(0), so that equation (A.3) gives WU!(1; \) at every sufficiently small
A. By the definition of M;, neither pt(p) nor p= () lies in M;_1, so the inductive hypothesis
gives OV (pu* (u); ) — @V (u*(p); 0), and thus V(1 A) — ®Ul(4;0). Suppose instead
1 < p*ll(0), so that equation (A.4) gives WUl(1; \) at every sufficiently small . Equation
(A.4) evaluates ®U—1) at u with coefficient §(1—\) and at put(u) with coefficient As(y). The
first term converges to spli—1l (1;0), because p ¢ M;_1, and the second vanishes, because
oV < (a—¢)/(1 = 6). Then, UUl(1; \) = s(u)a — ¢+ 60U~ (u;0) = WUl (1;0). In either
case, ®U = max{0, ¥U!} and | max{0, 2} — max{0,y}| < |z — y| gives OV (1; \) — ®Vl(1;0).

It remains to show all(\) — all(0). By Proposition 5 and inequality (A.7), we have
psm < abl0) < pett < p*ll(0), and because M; is finite, we can fix an ¢ > 0 such that
il71(0) — & > 0 and al1(0) + & < p)(0), with neither belief in M;. By definition of 2l7(0),
we have WUl(1;0) < 0 at every p < fl1(0). Now take any p € (7V1(0), 1*1(0)). Equation
(A.4) applies at p and, at A = 0, reads s(u)a — ¢ + 6®U~1(u;0), which is strictly increasing
in z by Lemma 5. By definition of al!(0), there is a p/ € [aV)(0), ) with wUl(4/;0) > 0, and
hence WUl(11;0) > 0. Because neither iV1(0) — ¢ nor l!(0) + ¢ lies in M, the convergence
above gives WUl(all(0) — ;) < 0 and WUl(al1(0) 4+ &; \) > 0 for every sufficiently small \.
The function WU is weakly increasing in the belief at every sufficiently small A, as shown in
the proof of Lemma 5, and thus flll(\) lies within e of zl!(0) for every sufficiently small \.
Because € can be taken arbitrarily small, zVl(\) — al1(0), and p*UI(\) — p*U1(0) follows as

above, which completes the induction. O

C Properties of monotone equilibria

In this subsection, we fix an arbitrary monotone equilibrium, with a funding threshold ﬂ[j]
and a belief at which the recipient goes from pooling on attack to defending in the rain that
satisfies p*Ul > (=)= (V—), where j = T —t +1 denotes the number of periods remaining.

Two value formulas recur throughout. For each type 6 and horizon j, define

1—57'. b 1—5j(1—)\(1—89))j
1-6" 1—6(1—=X1-sp))

T}g] := (sga + (1 — sg)b)

The first is the value of play that is always funded and sincere, and the second is the value of
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attacking in every period when funding is pulled if and only if a flow payoff revealing the rain
is observed. Because any strategy receives a flow payoff of at most a in the shine, at most b in

the rain, and zero once funding ends, the recipient’s value at any belief satisfies %74 (1) < ﬁg i}

C.1 Lemma7

Lemma 7. There exists a A\ > 0 such that, for both types 0, every j > 1, and every A < X,
(5(1’)&]] —yg]) <b.
Proof. The difference @éj I yéj l'is at most its limit as J grows,

spa + (1 — s9)b spa (1 —s9)b OA(1 — sp)

=6 1-0(-Ml=sp)  1=6 08 1=6(0=-\1-sp))

because the first formula falls short of its limit by more than the second. Bounding the final

denominator below by 1 — J, the limit is at most

(1 —s9)b  dAsga(l — sp)
1-¢ (1-6)2 ~

and thus

1-0(2—s9) 52 Xspa(l — sp)
1—-9¢ (1-96)2 7

which is strictly positive at every A < (1 —&)b(1 — (2 — sg)) /(6%s9a(1 — sp)), a bound that
is strictly positive for both types by Assumption 2. Taking A to be the smaller of the two
bounds completes the proof. O

C.2 Lemma 8

The following result establishes that a funded recipient of type 6 can guarantee at least the
value yéj].

Lemma 8. LetT' < co and j denote the number of periods remaining so that the current period
is T—j+1. Fiz a monotone equilibrium and suppose that, at every j" with 2 < j' < j and every
belief . > ,H[j/], the donor’s posterior after an attack is at least /ZU/*” both when only the action
is observed, () > U=, and when the flow payoff reveals a shine, p*'(p) > pbi'=1.
Then, Ve[j] (1) > y([,j] for each type 0 and every p > plil.

Proof. Fix a type 6 and consider the deviation of attacking in every remaining period regardless
of the weather, which collects an expected flow payoff of sga each period. With probability
Asg the flow payoff reveals a shine and the posterior is u!*'(1), with probability 1 — A only
the action is observed and the posterior is u'?(u), and with probability A(1 — sg) the flow
payoff reveals the rain. By supposition, the first two posteriors are at least /ZU 1) and funding

continues, so funding survives each period with probability at least 1 —A(1—sp). We argue by

A-11



induction on j that the deviation is worth at least yéj lat every p > [L[j]. At j = 1, the deviation

1]

yields spa = v,". At j > 2, the surviving posteriors are at least /]U —1. where the deviation is
1]

worth at least yej ~ ' by the inductive hypothesis, and the continuation after a revealed rain

(4]

is worth at least zero, so the deviation is worth at least sgpa + d(1 — A(1 — 39))93_1] = vy

The equilibrium value is at least the value of this deviation. O

C.3 Lemma9

Next, we establish that both types attack in the shine at every funded belief in any monotone

equilibrium, so that a defense can only occur in the rain.

Lemma 9. Let T < oo and j denote the number of periods remaining so that the current
period is T — j 4+ 1. Suppose j > 2, fix a monotone equilibrium, and suppose that, at every
" with 2 < j/ < 5 —1 and every belief p > ,E[j,], the domnor’s posterior after an attack is

U both when only the action is observed, ,ul’m(u) > /Z[j/*ﬂ, and when the flow

at least /ZUI*
payoff reveals a shine, p"'(u) > [L[j/_”. Then, there exists a X > 0 such that, for every

A < A, both types of recipient attack in the shine at every belief at which ,u,l’@(,u) > =1 and
ptt(p) > b=,

Proof. Take A to be the bound of Lemma 7, and fix a type 6 and a belief y at which p*?(p) >
U= and gt (p) > pli—1. Attacking in the shine yields a flow payoff of a and, whether or not
the flow payoff is observed, a funded posterior at which Lemma 8 applies at j —1, so attacking

[i—1]
7

is worth at least a + dv . Defending yields a flow payoff of zero and a continuation of at

most Béj -1, By Lemma 7, the payoff from attacking exceeds the payoff from defending by at

least a—5(ﬂgj_1} —ygj_l]) >a—0b>0. O

C.4 Lemma 10

Now we show that, at low levels of monitoring, both types must play the same pure action,
attack or defend, in the rain at every funded belief. Specifically, we show that (i) the strong
type will not mix, (ii) the weak type will not be the only one to defend, (iii) the strong type

will not be the only one to defend, whether the weak attacks purely or mixes.

Lemma 10. Let T < oo and j denote the number of periods remaining so that the current
period is T — j + 1. Suppose j > 2, fir a monotone equilibrium with ﬂ[j_l} > 0, and suppose
that, at every 7' with 2 < 7' < j — 1 and every belief y > ﬁm, the donor’s posterior after an
attack is at least iU' =Y both when only the action is observed, ,ul’@(,u) > gl and when
the flow payoff reveals a shine, u*'(u) > /][j/*”. Then, there exists a X > 0 such that, for
every A < A, both types of recipient play the same action in the rain with probability one,
ooo(i) = o10(p) € {0,1}, at every funded belief i at which p > gU=1, b0 (u) > pbi=1, and
it (p) > pb=
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Proof. At = 1 the donor’s belief is degenerate, the posterior is 1 after every observation,
and the belief 1 is always funded. Defending in the rain yields a flow payoff of b and the
continuation value at the belief 1, whereas attacking yields a flow payoff of zero and the same
continuation value, and thus both types defend in the rain and we have ogy(1) = o10(1) = 1.

Now fix a funded belief < 1 at which g > gl=4, x10(u) > b= and p'(p) > pbi-1.
The conditions of Lemma 9 thus hold, so both types attack in the shine at y. Then, a defense
occurs only in the rain, and the posterior after a defense is the same regardless of whether
the flow payoff is observed, u%?(u) = pu®%(u). Because the recipient can play sincerely in
the current period regardless of how play continues, the value at any funded belief is at least
spa + (1 — sg)b. The conditions of Lemma 8 also hold at j — 1, so Ve[j_l] > yéj_l] at every
belief weakly above fili—1.

First, we show the strong type does not mix in the rain. Suppose o19(p) € (0,1), and

then the strong type is indifferent between defending and attacking in the rain,
i—1 i—1 i—1
b+ oV (00 = 6 WP 0w) + (- VP )| (as)

Take first p%0() > aV~1. Each continuation value on the right-hand side of equality (A.8) is

at most 77[1‘7_1}; whereas ‘G[j_l}(uo’o(u)) > 11[1‘7_1}, and thus the equality requires b < 6(17£j_1] —
oY 71}), which fails at every A below the bound of Lemma 7, and equality (A.8) cannot hold.

Take instead pu%0(u) < b=, Because a defense occurs only in the rain, we have ,uo’@(u) =
p20(p) < =1, and thus a defense ends funding regardless of whether the flow payoff is
observed, and the left-hand side of equality (A.8) equals b. Because Vl[j 1 (u"%(u)) > 0 and
p (1) > a1 is funded, where playing sincerely for a single period yields an expected flow
payoff of at least sja+ (1 —s1)b, the right-hand side of equality (A.8) is at least 6(1—\)(s1a+
(1 — s1)b). Then, the equality requires b > 6(1 — A)(s1a + (1 — s1)b), which fails for every
A<1—=0b/[0(s1a+ (1 —s1)b)]. In either case the strong type cannot be indifferent, and thus
o1o(p) € {0,1}.

Next, suppose o10(p) = 0 and, for contradiction, ogp(p) > 0. A defense in the rain then
occurs only for the weak type, and thus u%%(u) = 0 < =1 funding ends, and defending
yields a payoff of b. Attacking yields at least §(1 — )\)Vb[j_l] ("0 (w)), and p'0(p) > b= is
funded, where playing sincerely for a single period yields an expected flow payoff of at least
soa + (1 — sg)b. Then, attacking is worth at least §(1 — X\)(spa + (1 — sp)b), which exceeds
b for every A < 1 —b/[d(spa + (1 — so)b)], and the right-hand side of this bound is strictly
positive by inequality (3) of Assumption 1. The weak type then strictly prefers attacking, a
contradiction, and thus ogo(p) = 0.

Finally, suppose o19(p) = 1 and, for contradiction, ogo(p) < 1. If ogo(p) = 0, a defense
occurs only for the strong type, and thus u®°() = 1, and the weak type’s preference for
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attacking in the rain requires
6 AV () + (1= VI (0] = 0+ ovP ().

The left-hand side is at most 617[[)j _1], whereas the belief 1 is always funded and Lemma 8
gives Vo[j _1](1) > y([)j ~1. The required preference thus needs 5(27([)j - y([]j _1}) > b, which
fails at every A below the bound of Lemma 7, a contradiction. With ogo(x) < 1 maintained
and ogo(p) = 0 ruled out, we have ogo(p) € (0,1), and the weak type is indifferent between
attacking and defending in the rain. Because o10(p) = 1, an attack whose flow payoff reveals
the rain identifies the weak type, and thus p*0(u) =0 < f~1 and the continuation there is

zero. The indifference then reads

b

(1= WV ) = v 0m) = 5 (A.9)
Take first u®%(p) < =Y. Then, we have Vo[jfl](,uo’o(u)) = 0, and equality (A.9) gives
V()D_H(ul’@(u)) = b/[6(1 —A)] > 0, and thus p"?(y) is funded. Because the strong type

defends in the rain, attacking must yield a weakly worse payoff for the strong type,
b=b+V (0 0() > (1 — VI () > 6(1 = N)(s1a+ (1 — 51)b),

which fails for every A < 1 —b/[0(s1a + (1 — s1)b)] as above, a contradiction. Take instead
p20() > =Y. Then, Lemma 8 gives VO[]_I] (u20(p)) > y([)j_l] while VO[]_H (b0 () < i([)]_l},

([)j -1 _ 1_)([)j _1], which fails at every A below the bound

and thus equality (A.9) requires b/§ < o
of Lemma 7, a contradiction, and thus ogo(p) = 1.

Every case above ends in a contradiction when A lies below a strictly positive bound, and
Lemma 9 holds below its own strictly positive bound. Taking A to be the smallest of all of
these bounds, we have ogo(p) = o10(p) € {0,1} for every A < X at every funded belief 1 at

which po > b=, 1) > pb=Y, and pbt(p) > pb=1. O

C.5 Lemma 11

This next result shows every monotone equilibrium’s funding threshold is interior and at most

1 the a priori bound for our threshold comparisons and limit arguments.

Lemma 11. Let T < oo and j denote the number of periods remaining so that the current
period is T — j + 1. Fiz a monotone equilibrium and suppose that, at every j' with 2 < j' <
j — 1 and every belief u > ﬂ[jl], the donor’s posterior after an attack is at least ﬂ[j,_l] both
when only the action is observed, ul’@(u) > ﬂ[j/_l], and when the flow payoff reveals a shine,
bt () > ﬁ[j/_”. Then, there exists a A > 0 such that, for every A < X, the funding threshold

at j lies in (0, uot].

Proof. First, we show the belief 0 is never funded for any j. At p = 0 the donor’s belief is
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degenerate and the posterior is 0 after every observation. Because attacking in the shine yields
a and defending in the rain yields b, the donor’s expected flow payoff is at most spa+ (1 —s9)b
under any recipient play, and Assumption 1 implies spa + (1 — sg)b < c.

We now argue by induction on j that the donor strictly prefers not to fund at up = 0. At
j =1, funding yields at most spa + (1 — sg)b < ¢. Now fix j > 2 and suppose not funding is
strictly preferred at 4 = 0 with j — 1 periods remaining. Funding at p = 0 yields a flow of
at most spa + (1 — s9)b and returns the donor to the belief 0 with j — 1 periods remaining,
where not funding is strictly preferred, so

1—¢§71 11—t 1-§

soa+(1—so)b+5cﬁ<c+6c T T 5

completing the induction. The belief 0 is therefore never funded for any j, and gl > 0.

Next, we show the donor funds at every belief 1 > p%*, and thus al! < p®. Fix p > pott
and consider the recipient’s play in the shine at u, whether u is funded or the donor reaches
it by deviating to fund there. At 7 = 1 there is no continuation, and thus attacking yields a
flow payoff of a > 0 whereas defending yields zero, and both types attack in the shine. Now
take j > 2 and consider three cases for the posteriors after an attack at p.

First, suppose ,ul’w(,u,) > /ZU*H. The supposition here is the supposition of Lemma 8 at
j—1, and thus Ve[j*l] > yg;l] at every belief weakly above /1. Attacking in the shine yields
a flow payoff of a and, when only the action is observed, which occurs with probability 1 — A,
the funded posterior ,uw(u), whereas defending yields a flow payoff of zero and a continuation
of at most @Ej -1 Then, the payoff from attacking exceeds the payoff from defending by at

least
a—20 (T)éjfl] — yéj71]> — (5)\1%];1].

By Lemma 7, the middle term is below b at every A below its bound, and yéjfl} < spa/(1-6) <
(s1a + (1 — s1)b)/(1 — §), so the payoff from attacking exceeds the payoff from defending
by more than a — b — dA(s1a + (1 — s1)b)/(1 — §), which is strictly positive for every A <
(a—0b)(1—9)/[0(s1a+ (1 — s1)b)], itself strictly positive because a > b. Both types attack in
the shine.

Second, suppose (1) < aV=1 < pb (). By part (i) of Definition 1, we have u%9(u) <
uw(u) < @b~1, and thus funding ends after either action when only the action is observed.
Attacking yields a flow payoff of a and, when the flow payoff reveals the shine, the funded
posterior ! (1), where Lemma 8 bounds the continuation value from below, whereas defending
yields a flow payoff of zero and, when the flow payoff reveals the shine, a continuation value
of at most T){[f -1 Then, the payoff from attacking exceeds the payoff from defending by at
least a — 6)\(27371] - yg;l]), which exceeds a — Ab at every A below the bound of Lemma 7,
strictly positive because a > b. Both types attack in the shine.
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Third, suppose p'?(u) < V=1 and p"'(n) < V=Y. By part (i) of Definition 1, every
posterior after either action at the shine lies below /=%, and thus funding ends after every
realization and the payoff comparison involves flow payoffs only. Attacking yields a whereas
defending yields zero, and both types attack in the shine.

In every case, both types attack in the shine at . Then, funding for one period yields the
donor an expected flow payoff of at least s(u)a, and because s is increasing and s(u®*)a = ¢,
we have s(u)a > c¢. Because the donor can stop funding in every subsequent period, the value
of funding at u is at least

11—t 1—-671  1-§

> c+ dc =

s(,u)a—l—écil_(S T 5 61—6’

the value of not funding. The donor therefore funds at every p > p*, and bl < pott. Taking
) to be the smaller of the bound of Lemma 7 and (a — b)(1 —6)/[0(s1a+ (1 — 51)b)] completes
the proof. O

C.6 Proposition 6

Proposition 6. Let T < oo. There ezists a X > 0 such that, for every A < A, the donor’s

funding threshold in any monotone equilibrium is weakly decreasing over time, with fi; > fiyy1
forallt <T.

Proof. Let j =T —t+ 1 denote the number of periods remaining, and write the thresholds
as ), so that the claim is g/l > b= for every j > 2. Let X be the smallest of the bounds
of Lemmas 9, 10, and 11 and the two bounds

b a(l —9)

L St s ™ Seatra—sh)

Each is strictly positive, and thus A>0. Fix A < \.

At j = 1 there is no continuation, and thus attacking in the shine yields a flow payoff of
a whereas defending yields zero, and defending in the rain yields a flow payoff of b whereas
attacking yields zero. Because a > 0 and b > 0, both types play sincerely at every funded
belief. The donor’s flow payoff from funding is then u*" (1) against ¢, and because the funded
set is an interval [alY, 1] by part (iii) of Definition 1, optimality gives !l = pi".

We argue by induction on j > 2 that zl/l > pli=1 assuming the ordering holds below j.
Under this hypothesis, we have =1 > altl = ;5 > 0. Moreover, at every k < j and every
funded belief p > ﬂ[k] > ﬂ[k_l], the prior lies between the two posteriors after each action, and
part (i) of Definition 1 implies the posterior after an attack is weakly larger than the posterior
after a defense. Then, we have uw(u) > 1> alF=1. Likewise, conditional on the flow payoff
revealing a shine, the prior updates to u* (i), which lies between the two posteriors after

each action, and part (i) of Definition 1 then implies p () > pt(p) > p > p*=1. This

A-16



verifies the suppositions of Lemmas 8, 9, 10, and 11 at every k < j — 1, and Lemma 11 gives
Akl € (0, u] at every k < j — 1.

The supposition of Lemma 11 at j is the supposition of Lemma 8 at j — 1, which is verified
above, and thus Lemma 11 applies at j as well. Then, we have Ul < pott. By =1 > g5
and Lemma 2, we have (u~) ' (V=) > p®, and thus every belief in (u®, (u=) =1 (al—1))
is funded.

First, we show that both types attack in the rain at every belief in this interval. Fix
p1 € (u, (u)~Y(mV—1)). The belief p; is funded, and the argument above gives pu? () >
pr > pt > b= and p'(pu) > pt(p1) > p1. Then, Lemmas 9 and 10 apply at uy, and
thus both types attack in the shine, and in the rain both types play the same action with
probability one, ogo(i1) = o10(p1) € {0,1}.

Suppose both types defend in the rain at p. A defense then occurs only in the rain
and at the same rate for both types, and thus its posterior is p~ (u1) regardless of whether
the flow payoff is observed. Because p; < (u~ )~ (V) and p~ is increasing, we have
w(p) < a1, and thus funding ends and defending yields b. Now consider a deviation to
attacking in the rain. Under the supposed play an attack occurs only in the shine, and thus
when the donor observes only the action, Bayes’ rule gives p'?(pu1) = pt (1) > pp > ali=1,
which is funded, where one sincere period guarantees an expected flow payoff of at least
s0a + (1 — s9)b. Then, the deviation is worth at least 6(1 — \)(spa + (1 — s0)b), which exceeds
b because A < 1 —0b/[6(soa+ (1 — s0)b)], a contradiction. Then, both types attack in the rain
at py.

Next suppose, for contradiction, that some belief g < /=Y is funded. By part (i) of
Definition 1, the probability that each type defends in the rain is weakly increasing in the
donor’s belief, and it is zero at u; > pg. Then, both types attack in the rain at pg. In
the shine at pg, suppose some type defends with positive probability. Both actions then
occur with positive probability, and thus the prior is a weighted average of the two posteriors
after each action, and part (i) of Definition 1 implies 1% (o) < po < AV~ Then, the
continuation after a defense is zero when only the action is observed. Because any strategy
receives a flow payoff of at most a in the shine and at most b in the rain, and because a > b
implies spa+ (1 — sp)b < sja+ (1 — s1)b, the continuation after a defense whose flow payoff is
observed is at most (sja + (1 — s1)b)/(1 — §). Then, defending in the shine is worth at most
dA(s1a + (1 — s1)b)/(1 — §), which is less than a because A < a(1 — §)/[d(s1a + (1 — s1)b)],
whereas attacking yields at least a, a contradiction. Then, both types attack in the shine at
1o, and thus both types attack regardless of the weather.

An attack is then uninformative, with uw(,uo) = pio < iV~Y, and after an attack whose
flow payoff reveals the rain, the posterior is u>?(uo) = p=(po) < U=, An attack in the
rain at pg therefore yields a flow payoff of zero and ends funding at both posteriors, and thus
its payoff is zero, whereas defending yields at least b > 0. Both types then strictly prefer

defending in the rain at pg, whereas we showed above that both types attack in the rain at
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1o, a contradiction. Then, no belief below U~ is funded, which gives gl > b~ and

completes the induction. O

D Full monitoring benchmark

When )\ = 1, the donor observes the recipient’s flow payoff, so the action-payoff pair reveals
the weather. Bayes’ rule then determines the posterior whenever the observed pair occurs
with positive probability. If a pair is assigned probability zero by both types, we treat the
commonly unused action as uninformative about type conditional on the revealed weather.
That is, the donor assigns the posterior that would follow from observing the weather alone.

We maintain this convention throughout this subsection.

Assumption 3 (Off-path beliefs). The donor’s beliefs follow Bayes’ rule given the recipient’s
strategies at every history, including histories the donor reaches only by deviating to fund.
After an observation of an action-payoff pair assigned probability zero by both types of recipient,

the donor’s posterior is the posterior induced by the weather revealed by that pair.

D.1 Proposition 7

Proposition 7 (Full Monitoring). Let A\ = 1 and suppose Assumption 3 holds. Then, we
have the following:

(i) For every T' < oo, there is a monotone equilibrium in which both types of recipient play

sincerely at every belief.

(ii) Fiz T < oo. For all but finitely many values of b, in every monotone equilibrium both
types of recipient play sincerely at every funded belief, all monotone equilibria share the

same funding thresholds, and every monotone equilibrium is most-sincere.

Proof. At A =1, the donor observes the flow payoff in every period. An attack yields a flow
payoff of a in the shine and zero in the rain, and a defense yields b in the rain and zero
in the shine, and thus every pair of action and flow payoff identifies the weather. Consider
the strategy profile in which both types of recipient play sincerely at every belief, the donor’s
posterior is ™ (1) after every observation identifying a shine and ™ (1) after every observation
identifying the rain, and the donor funds according to a threshold constructed below. Both
types play the same action in each realization of the weather, and thus the action carries no
information beyond the weather, the posteriors agree with Bayes’ rule on the path of play,
and the posterior after an attack equals the posterior after a defense at every belief.

First, sincere play is optimal for both types. In the rain, either action moves the belief to
1~ (@), so both actions yield the same continuation value and defending gains the flow payoff
b > 0, and in the shine, either action moves the belief to u™ (1) and attacking gains the flow

payoff @ > 0. Neither comparison involves the donor’s funding, so no one-shot deviation from
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sincere play is profitable, and because flow payoffs are bounded and discounted, sincere play
is optimal for both types at every belief and every T < oc.

For T' < oo, consider the donor’s funding problem against sincere play. Funding at belief
p yields the expected flow payoff 5™ (i) and moves the belief to u* (i) with probability
s(p) and to p~ (p) otherwise, and thus the surplus from funding and continuing optimally is
equation (A.3) applied at every belief, with j periods remaining. We show by induction on j
that WU is continuous and strictly increasing in p. At j = 1, we have Wl = 45" — ¢, which
is affine and strictly increasing. Now fix j > 2 and suppose the claim holds at j — 1. Then,
li-1 = max{0, Wl _1]} is continuous and weakly increasing, and u* and p~ are continuous
and strictly increasing, and thus equation (A.3) is continuous in pu. A higher u strictly raises
u (1), raises both posteriors ut () and = (), and shifts weight from =~ () to u* (1), where
U= (ut (1)) > ®U—U (= (1)) by the inductive hypothesis, and thus WU is strictly increasing,
which completes the induction. By Assumption 1, we have ¥Ul(1) > u*"(1) — ¢ > 0, and
the set of beliefs with WUl(x) > 0 is a closed interval [, 1] with iy < 1. The continuation
bl = max{0, \I/U]} is the value of continuing optimally, and thus funding on this interval is
optimal, and a deviation to funding at an unfunded belief yields WUl (1) < 0, because both
types play sincerely regardless of funding.

For T = oo, the donor’s problem is stationary. Against sincere play, the surplus from

funding and continuing optimally is stationary and solves

U(p) = u™™ (1) — ¢+ 6 [s(u)@(pt (1) + (1 — s(u)@(n (1)) (A.10)

with ® = max{0,V}. The map sending a bounded function ® to max{0, ¥} with ¥ given
by equation (A.10) is a contraction with modulus § under the supremum norm, because the
continuation weights sum to ¢ and | max{0,z} — max{0,y}| < |z — y|, so it has a unique
bounded fixed point ®. The image of the zero function is ®1), and the image of ®U~1 is
@l so the iterates from the zero function are the ®U and they converge uniformly to ®.
Each iterate is continuous and weakly increasing in u, by the induction above, and thus so are
the uniform limit ® and, by equation (A.10), the fixed surplus ¥. Because ® > 0, equation
(A.10) gives ¥(1) > u*™(1) — ¢ > 0, and the set of beliefs with W(u) > 0 is a closed interval
[2,1] with @ < 1. Flow payoffs are bounded and discounted, and thus a funding strategy
admitting no profitable one-shot deviation is optimal. At a funded belief, the value of funding
and continuing optimally exceeds the value of stopping by ¥(x) > 0, and at an unfunded
belief, funding once and continuing optimally falls short of stopping by —W¥(u) > 0, because
both types play sincerely regardless of funding. Then, the threshold rule is optimal.

It remains to verify that the strategy profile is monotone. The posterior after an attack
equals the posterior after a defense at every belief. The probability that each type defends in
the rain is one at every belief, and thus weakly increasing in the donor’s belief. The funded set
is an interval [fiz, 1] in every period. Then, the strategy profile satisfies each part of Definition

1 and is a monotone equilibrium at every T' < oo, which is part (i).

A-19



Now fix T' < oo and any monotone equilibrium. Call a funded belief 1 € (0, 1) informative
in period t if the action distributions of the two types at u differ in some realization of the
weather. In the terminal period, neither action carries a continuation value, defending in the
rain gains the flow payoff b, attacking in the shine gains the flow payoff a, and thus both types
play sincerely and no terminal belief is informative. The belief 0 is never funded, because
the belief never leaves 0 and the donor’s expected flow payoff there lies below ¢ under every
play, by Assumption 1. At the belief 1, every posterior equals 1, and thus both types play
sincerely, as in the terminal period.

Suppose some belief is informative, and fix an informative belief y, in the latest period
t with one. At every funded interior belief in every period after ¢, both types attack with
a common probability in the shine and defend with a common probability in the rain, the
common probabilities cancel in Bayes’ rule when the action and flow payoff pair has positive
probability, the restriction above applies when it does not, and every observation moves the
belief by the weather alone, to u™ () after a shine and to = (u) after the rain. Then, at every
such belief, either action yields the same posterior in each realization of the weather, and both
types play sincerely, as in the terminal period. The recipient therefore plays sincerely at every
funded belief after period t.

Fix a type 0 and a belief ji in period ¢t 4+ 1. Under sincere play from f, funding continues
until the belief first falls below the threshold of its period, the event that funding survives k
further periods depends only on the first k£ realizations of the weather, and the flow payoff
of a funded period depends only on the weather of that period, which is independent of the

earlier realizations conditional on the type. Then,
V(i) = (soa + (1 — s4)b) Dy(), (A.11)

where Dy(f1) denotes the expected discounted number of funded periods from f under the
weather distribution of type 6. Each finite weather sequence moves the belief through
compositions of ™ and p~ applied to ji, and funding survives the sequence if and only if
each composition value is at least the threshold of its period. Each composition is strictly
increasing, and thus Dy is weakly increasing. At every funded belief, Dy is at least one, and at
every unfunded belief, Dy is zero. The value Dy(fi) is a sum with one term for each surviving
weather sequence, and the term for a sequence of length k is the probability that type 6
generates the sequence, discounted by ¢%. Then, every value of Dy, and every difference of
two values, lies in a finite set determined by d, sg, and 7' — ¢ alone.

Suppose the action distributions at y, differ in the shine. If some type mixes in the shine,

that type is indifferent, and by equation (A.11),

a =6 (spa+ (1— s9)b) [Do(p®" (1)) — Do ()]

which is at most zero because p'! (1) > %' (1,,) by part (i) of Definition 1 and Dy is weakly
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increasing. If instead one type attacks and the other defends, part (i) of Definition 1 requires
the attacker to be the strong type, the defense reveals the weak type, and the weak type
gains a + 6Vo(ut(py)) > 0 over 6V5(0) = 0 by deviating to an attack. Then, the action
distributions at g, differ in the rain, and, by part (i) of Definition 1 and Bayes’ rule, the
strong type attacks in the rain with a strictly higher probability than the weak type.

Suppose the strong type attacks in the rain with probability one. The defense then reveals
the weak type, and u%%(u,) = 0. If the weak type mixes, indifference and equation (A.11) give
b= d(soa+ (1 —50)b) Do(u'¥ (1)), and the right-hand side is zero if p'%(u,) is unfunded
and at least d (spa + (1 — so)b) if funded, and each is impossible by Assumption 1. If instead
the weak type defends with probability one, the attack reveals the strong type, and the weak
type gains 6Vp(1) > 0 (spa + (1 — s9)b) > b over b+ 6Vp(0) = b by deviating to an attack, by
Assumption 1.

Then, the strong type mixes in the rain, and indifference and equation (A.11) give

b=26(s1a+ (1= s1)b) [D1(u"* (i) — D1 (n%())] - (A.12)

If 4'9(p,) is unfunded, the right-hand side is at most zero. If u®°(yu,) is unfunded and
p!9(py) is funded, the right-hand side is at least 6 (s1a + (1 — s1)b) > & (spa + (1 — s¢)b) > b
by Assumption 1. Then, both posteriors are funded. The bracketed term of equation (A.12)
lies in a finite set that does not depend on b, and b/ [d (s1a + (1 — s1)b)] is strictly increasing
in b, and thus each member of the finite set satisfies equation (A.12) at most at one value of
b. Then, at all but finitely many values of b, no informative belief exists.

At such b, both types play sincerely at every funded belief in every period. Now fix a belief
the donor’s strategy leaves unfunded in some period, and consider the history at which the
donor deviates to fund it. By Assumption 3, the donor’s posteriors there follow Bayes’ rule
given the recipient’s play, with commonly unused action-payoff pairs updated by the weather
alone. If the two types induce the same action distribution in every weather realization, both
actions induce the same weather posterior in each realization, continuation play depends only
on the belief, and the argument of part (i) makes sincere play strictly optimal for both types.
If instead the distributions differ in some realization, the arguments above apply unchanged at
the deviation history, because the continuation values satisfy equation (A.11) at every belief
and the bracketed term of equation (A.12) draws from the same finite set, and thus, at all
but finitely many b, no such belief exists. Then, at all but finitely many b, both types play
sincerely at every belief at which the donor funds, on or off the path of play, the donor’s
surplus from funding is equation (A.3) at every belief in every period, and their funding
threshold in every period is fi;.

Let uj denote the infimum of the set of funded beliefs at which both types defend in the
rain. In every monotone equilibrium, both types defend in the rain at every funded belief, and
thus pf = jiz. Then, the infimum of Definition 2 is attained at every monotone equilibrium,

and every monotone equilibrium is most-sincere, which concludes part (ii). O
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E Proofs

This section provides proofs for all statements presented in the main text. We restate the

results for convenience.

E.1 Theorem 1

Theorem 1. Fiz T < co. There exists a \* € (0,1) such that, for all A < \*,
(i) a monotone equilibrium exists;

(ii) in every monotone equilibrium, there exists a threshold ji; € (0,1) such that the donor

funds in period t if and only if p > [it;

(iii) in every monotone equilibrium, there exists a threshold pf € [(u™) " (fier1), 1] for all
t < T, with (u™ )" (figs1) > fir, such that both types of recipient play sincerely for any
>y and pool on attack for any p € [, pf) in each period t.

Proof. We prove the theorem first for the infinite horizon and then for all finite horizon. In
each case, we first characterize play in any monotone equilibrium, which yields parts (ii) and

(iii), and then we construct the equilibrium for part (i).

T = oo characterization. Suppose first that T' = co. We first derive bounds on the
recipient’s continuation value in any stationary monotone equilibrium. Fix a funded belief
. When the flow payoff is not observed, the current belief is a weighted average of the
posteriors after an attack and a defense. Definition 1 part (i) orders these posteriors, and
thus ,ul’w(u) > . This also covers an attack assigned probability zero, because Bayes’ rule
then gives u%? (1) = p. Recall from equation (A.1) that pu*(p) is the donor’s posterior after
learning that the weather is the shine, before using the recipient’s action to update further. If
an attack occurs with positive probability conditional on the shine, u*(p) is a weighted average
of utt(y) and p®'(u). Definition 1 part (i) then gives ub!(u) > put(u). If an attack occurs
with probability zero conditional on the shine, Bayes’ rule instead gives u%! (1) = p* (), and
Definition 1 part (i) again gives u'!(u) > pt(u). Because s1 > sg, equation (A.1) also gives
put(p) > p. Thus, when the current belief is funded, the posterior after an attack is funded
both when the flow payoff is not observed and when it reveals the shine.

Let Vp(u) denote the stationary continuation value of type 6 at a funded belief. The

recipient receives at most sgpa + (1 — sp)b in each period, and thus

spa < Vo) < spa + (1 — sa)b‘

T 0(1= M1 —sg)) = PW =775 (A.13)

To obtain the lower bound, suppose the recipient always attacks. In each period, the recipient

then receives the expected flow payoff sya. Funding continues after an unobserved flow payoff
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and after a flow payoff revealing the shine, which occurs with probability 1 — A\(1 — sp).
Summing these discounted payoffs gives the lower bound.

At XA =0, Assumption 2 gives (1 — sg)b/(1 — d) < b for both types. Inequality (3) gives
dspa > [1 — 0 + dsplb > (1 — 9)b. Because s; > sg, we also have dsja > (1 — d)b. At A =0,
the left-hand side of inequality (A.16) equals a — d(1 — sg)b/(1 — J), which is greater than
a—b > 0 by Assumption 2. Each inequality below is therefore strict at A = 0 and continuous

in A. There is a strictly positive bound on A below which, for both types,

spa + (1 — s9)b spa
|7 os T 1ea—ai—syy <Y (A.14)
50 - N5 _59;(1 —5 7" (A.15)
400Ny Sy T o (4.16)

For the remainder of the infinite-horizon argument, restrict A below this bound.

Consider any stationary monotone equilibrium. At u = 0, beliefs are fixed at zero forever.
The recipient therefore plays sincerely whenever the donor funds. Equation (A.2) gives spa +
(1 —s0)b < ¢, and thus funding is unprofitable at g = 0. The stationary funding threshold is
strictly positive.

Next, take any belief 1 > p®! and suppose the weather is the shine. If the posterior after
an attack when the flow payoff is not observed is funded, the lower and upper bounds in
equation (A.13) imply that an attack exceeds a defense by at least inequality (A.16). If the
posterior after an attack when the flow payoff is not observed is unfunded but the posterior
after an attack whose flow payoff reveals the shine is funded, Definition 1 part (i) implies that
the posterior after a defense when the flow payoff is not observed is also unfunded. The payoff
from an attack then exceeds the payoff from a defense by more than a — Ab > 0, by inequality
(A.14). If neither posterior after an attack is funded, Definition 1 part (i) implies that neither
posterior after a defense is funded, and an attack exceeds a defense by the flow payoff a. Then,
both types attack in the shine at every belief above p%!. Funding at such a belief gives the
donor an expected flow payoff of at least s(u)a > ¢. The donor can end support in the next
period, and thus funding is strictly profitable. It follows that the stationary funding threshold
satisfies i € (0, ).

Now consider recipient play at a funded belief. Fix a funded belief and suppose the
weather is the shine. Both posteriors after an attack are funded, as shown above. The
bounds in equation (A.13) and inequality (A.14) imply that an attack exceeds a defense by
more than a — b > 0. Then, both types attack in the shine.

A defense therefore reveals the rain whenever it occurs with positive probability. Once the
defense reveals the rain, observing the flow payoff adds no information, and the posterior after
the defense is the same whether or not the flow payoff is observed. If this posterior is funded,

the bounds in equation (A.13) and inequality (A.14) make the defense strictly optimal for
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both types. If it is unfunded, an attack leads to a funded posterior when the flow payoff is
not observed and inequality (A.15) makes the attack strictly optimal for both types. Then,
whenever a defense occurs with positive probability, both types defend with probability one.
Otherwise, both types attack with probability one. Thus, both types choose the same pure
action in the rain at every funded belief.

At p = 1, the posterior remains at one forever on. Because i < %! < 1, the donor funds
at this belief. The bounds in equation (A.13) and inequality (A.14) then make a defense
strictly optimal in the rain for both types. Definition 1 part (ii) therefore implies that the
funded beliefs at which both types defend in the rain form an upper interval. Let p* be the
lower endpoint of this interval.

Now fix a funded belief y < (=) ~!(jz). Suppose both types defend in the rain. A defense
then reveals the rain, and Bayes’ rule gives the posterior = () < f. Thus, funding ends
and the defense gives b. Because both types attack in the shine, an attack observed without
the flow payoff can only have followed the shine. Bayes’ rule then gives the posterior u*(u).
We have put(n) > p > i, and thus this posterior is funded. Inequality (A.15) therefore
makes the attack strictly optimal. Then, both types attack in the rain at every such belief,
and p* > (p=)~Y() > @. This proves parts (i) and (iii) for every stationary monotone

equilibrium.

T = oo construction. We now construct a stationary monotone equilibrium. Fix a
candidate funding threshold u’ € (0, u®"]. Suppose both types attack in the shine at every
belief and defend in the rain if and only if u > (u7)71(¢/). Let V]_f)‘/’)‘(,u) denote the donor’s
best-response continuation value against this recipient strategy. The donor can end support

and receive ¢/(1—9). At a belief where the recipient plays sincerely, the donor’s value satisfies

Vh(w) =max{1f < u () + 8 s(u)v[‘;’*(u*(mw<1—s<u>>v;5%(u))}}. (A.17)

At a belief where both types pool on attack, an unobserved flow payoff leaves the belief
unchanged. If the donor funds at the belief, substituting the continuation value at the
unchanged belief and rearranging gives the second expression below. If that expression is
below ¢/ (1 —0), substituting ¢/(1 —d) after the unobserved flow payoff makes funding strictly

worse than ending support. Then, in either case, the donor’s value satisfies

o s(wa o [s()VE Mt () + (1 - S(M))V]:‘i/’k(u‘(u))]

BA _
Vo ") = maxq 75 1-0(1—\)

(A.18)

Because the coefficient in equation (A.18) is dA/[1 — d(1 — A)] < 6, repeated substitution

from any bounded function therefore converges uniformly to a unique bounded solution of
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equations (A.17) and (A.18).

We next show that this solution is weakly increasing in the belief. Begin repeated
substitution from the constant function a/(1 — ). Suppose the function at some step is
W, and that W is weakly increasing and weakly above s(u)a/(1 — 9) at every belief. The
expected value of s at the two Bayesian posteriors equals its current value, and thus the
posterior average of the function is weakly above s(u)a/(1 — 0). Under sincere play, the
funding expression is therefore weakly above u*(u) +ds(u)a/(1—6) > s(p)a/(1—5). When
pooling on attack, substituting the same lower bound into equation (A.18) gives s(u)a/(1—9).
Then, substitution into either equation preserves the lower bound.

Because put, i, and s are increasing, the distribution of the posterior rises in first-order
stochastic dominance as p rises, and thus the posterior average of any weakly increasing
function is weakly increasing in the current belief. Then, the funding expression in each of
equations (A.17) and (A.18) is weakly increasing on the region where it applies.

At the recipient’s threshold u = (u~)~!(x'), the difference between the sincere and the

pooling funding expressions equals

(1 —s(u))b (A.19)

20 [0 9) s )+ (1= W )] —staha] . (420

where W is the continuation-value function inserted at that step of repeated substitution.
The expression in square brackets is non-negative by the lower bound just established. The
funding expression therefore does not fall when the recipient changes from pooling on attack
to sincere play. Every function produced by repeated substitution is weakly increasing, and
so is the uniform limit Vl’;,”\.

We next establish continuity in g/ and . Because the recipient’s threshold moves with p/,
to hold this threshold fixed while comparing candidate thresholds, map each original belief
to the belief [i satisfying

& att !

g n pol—p
1_'& 1—,&““1—# M/ :

(A.21)

Equation (A.21) maps the candidate u’ to u*! and the recipient’s threshold (u~)~!(y') to
(=)~ Y (u™"). Bayes’ rule multiplies the odds of a belief by si/so after the shine and by
(1 —s1)/(1 — sp) after the rain. Then, the change of beliefs preserves the posterior maps.
Solving equation (A.21) for the original belief gives

(1= )
W

-

W)
On every closed interval of candidate thresholds contained in (0, 1), the right-hand side is

uniformly continuous in g/ and fi. After beliefs are indexed by fi, the recipient’s threshold
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and the posterior arguments in equations (A.17) and (A.18) no longer depend on y'. The flow
probability s(u) changes uniformly with .

Take two pairs of candidate thresholds and monitoring levels in this closed interval.
Inequality (1) gives ¢ < a, and every flow payoff from funding is at most a. Then, the
fixed continuation values are bounded above by a/(1 — ) at both pairs. Let € be the
maximum difference between the values produced by the two donor equations when the same
continuation function bounded by a/(1 —0) is inserted at both pairs, after beliefs are indexed
by fi. As the two pairs converge, ¢ — 0. If d denotes the maximum difference between
their fixed continuation values, then the two donor equations imply d < dd + €, and hence
d < e/(1 —d). Then, the fixed continuation values converge uniformly, and the funding
expression in equation (A.18) evaluated at the candidate threshold is continuous in x/ and .

At A = 0, this funding expression equals s(u/)a/(1 — §). It equals ¢/(1 — §) at p/ = p
and is strictly below ¢/(1—6) at every ' < u®t. Now take A\ > 0 and the candidate p’ = p®.

att) " funding for one period and ending support afterward is

At the favorable posterior u* (u
strictly profitable because either pooling or sincere play gives an expected flow payoff strictly
above ¢. Then, Vga“’/\(;ﬁ(u“tt)) > ¢/(1 — ¢), while the value at every other belief is weakly
above ¢/(1 —¢). Substitution into equation (A.18) shows that funding is strictly profitable at
the candidate u®* whenever A > 0.

Fix any p” € (0, ) and any A\ < (1 — §) (c — s(¢)a) / (0s(i”)a), a strictly positive
bound folded into A*. At any candidate p/ < p”, if the supremum of V[’jl’)‘ over beliefs
weakly below p/ exceeded ¢/(1 — §), the funding branch of equation (A.18) would bound it
by s(u")a(l — 5+ 6X)/(1—6)% < ¢/(1—6), so Vgl’/\ = ¢/(1 —§) at every belief weakly below
i, and the funding expression at p’ then lies strictly below ¢/(1 — ).

Below the recipient’s threshold, the funding expression in equation (A.18) is strictly
increasing in the belief. The current flow payoff is strictly increasing, and the posterior average
of the weakly increasing value Vg’)‘ is weakly increasing. Because the donor is indifferent at i,
funding is strictly unprofitable below f and strictly profitable between z and (=)' (jz). At
the recipient’s threshold, equation (A.19) shows that the sincere funding expression is weakly
above the pooling funding expression. The sincere expression is weakly increasing above the
threshold. Then, funding if and only if 4 > [ is a best response for the donor.

Reduce the positive bound on A, if necessary, so that this donor threshold exists and
inequalities (A.14)—(A.16) hold. For the infinite-horizon case, let A* denote this bound and
fix A < A*. Fix the donor threshold ji obtained above and let p* = (1)~ '(ji). The donor
funds if and only if ¢ > . At funded beliefs below p*, both types attack in both realizations
of the weather. At funded beliefs weakly above p*, both types play sincerely. At u = 0, both
types play sincerely and the posterior remains zero after every observation.

At funded beliefs, beliefs follow Bayes’ rule after every positive-probability observation.
Below u*, the donor assigns posterior zero after an off-path defense. Weakly above p*, both

types play sincerely. Thus, when the flow payoff is not observed, an attack reveals the shine
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and gives posterior u* (1), while a defense reveals the rain and gives posterior = (u). When
the flow payoff is observed after an off-path action at funded beliefs weakly above p*, the
donor assigns the posterior induced by the weather revealed by the action and flow payoff
pair. These beliefs satisfy Definition 1 part (i).

Fix a funded belief below p*. In the rain, a defense gives b and leads to posterior zero.
An attack preserves funding whenever the flow payoff is not observed and gives more than b
by inequality (A.15). In the shine, an attack gives a, while a defense gives zero and leads to
posterior zero. Then, both types attack in both realizations of the weather.

Now fix a funded belief weakly above p*. The definition of u* gives pu~ () > [, and
therefore both weather posteriors are funded. In the rain, the bounds in equation (A.13) and
inequality (A.14) make the defense strictly optimal. In the shine, equation (A.13), inequality
(A.14), and a > b make the attack strictly optimal. Then, both types play sincerely.

It remains to specify play after the donor deviates to fund at an interior belief u < f.
Both types attack in both realizations of the weather. After an attack whose flow payoff is
not observed or reveals the shine, the donor assigns posterior ji. After an attack whose flow
payoff reveals the rain, or after any defense, the donor assigns posterior zero. These beliefs
satisfy Definition 1 part (i). In the rain, an attack reaches the funded belief i whenever the
flow payoff is not observed and gives more than b by inequality (A.15), while a defense gives b
and ends funding. In the shine, an attack gives a, while a defense gives zero and ends funding.
Then, both types attack.

At funded beliefs, the donor’s strategy is optimal by the best-response argument above.
The donor is indifferent at fi, so the continuation value there is ¢/(1 — ¢). The continuation
value at posterior zero is also ¢/(1 — ) because the donor ends support. If the donor deviates
to fund at an interior belief u < f, both types attack and every continuation posterior gives
this same value. The difference between funding and ending support is therefore s(p)a—c < 0.
At p = 0, sincere play gives the donor spa + (1 — sg)b < ¢ and leaves the belief unchanged,
and thus funding is also unprofitable.

The donor funds on [fi, 1]. Across funded beliefs, the probability that either type defends
in the rain is zero below p* and one weakly above p*. The profile satisfies Definition 1
parts (i)—(iii). Flow payoffs are bounded and discounted, and the one-shot deviation checks
above therefore establish optimality for the recipient. Then, the profile forms a stationary

equilibrium, which concludes the proof of part (i) when 7" = oc.

T < oo characterization. Now let T < oo and j = T — t 4+ 1 denote the number of
periods remaining. Recall that the recipient’s value at any belief satisfies Ve[j ] (1) < z‘;éj ] and,
under the conditions of Lemma 8, Ve[j ) (n) > yéj ], while Lemma 7 gives § (@éj I 1_)([; ]) < b at any
j and every X below its bound. Now let A* be the smallest of the bound of Lemma 7, the
bound derived at the end of the proof of part (i), the bounds of Proposition 5 and Lemmas
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9, 5, 10, and 11, and the two bounds

1 b and a(l —9)
d(soa + (1 — sp)b) d(s1a+ (1 —s1)b)’

Each is strictly positive, and thus A* € (0,1). Note that A* lies weakly below every bound
invoked in the proof of Proposition 6.

Fix A < A*. We first establish parts (ii) and (iii) for any monotone equilibrium. Fix any
monotone equilibrium. By Proposition 6, its funding thresholds are weakly decreasing over
time, ] > alU=1 for every j > 2. As in the proof of Proposition 6, at every j > 2 and every
funded belief > pl/!, we have ,ul’@(u) > =" and p'1(p) > E—1. These inequalities verify
the posterior conditions of Lemmas 8, 9, 10, and 11. Lemma 11 then gives ﬂm € (0, u for
every j, so the remaining condition 7/~ > 0 in Lemma 10 also holds.

Part (ii) now follows. The donor funds in period ¢ if and only if u > fi;, by Definition 1,

att < 1, we have fi; € (0,1) in every period.

and by Lemma 11 and u

For part (iii), fix ¢ < T, so that j > 2. Both types play the same pure action in the
rain at every funded belief by Lemma 10, and by part (ii) of Definition 1, if both types
defend in the rain at a funded belief, they defend at every larger belief. At y = 1 every
posterior is 1 and the belief is always funded, so defending in the rain yields b and the same
continuation as attacking, and both types defend there. The funded beliefs at which both
types defend in the rain therefore form an interval containing 1, with lower endpoint p*Ul.
At a funded belief g < (u~)~*(aV~Y) at which both types defend in the rain, a defense
reveals the rain by Lemma 9, moves the belief to p=(u) < =1 ends funding, and yields
b, whereas attacking preserves the funded posterior ulv@(u) > /j[j ~1 when only the action is
observed, where one sincere period yields at least spa 4 (1 — sg)b, and thus attacking is worth
at least 8(1 — A)(soa + (1 — s0)b) > b, a contradiction. Then, p*U! > (=)~ (al=1), both
types pool on attack at every p € [[cm,u*m) by Lemma 9, and both types play sincerely at
every pu > p*Ul. It remains to show (u~)~(a~1) > abl. At j =1 there is no continuation,
w) — ¢,
and thus ') = ™. By Proposition 6, we then have al/—1 > ;5" so Lemmas 11 and 2

both types play sincerely at every belief, the donor’s flow payoff from funding is u*"(
give p~ (Y < p= (u™) < ™ < =1, and applying the increasing function (p~)~! yields
! < (u)~1(mV=1). Then, the attack region [El], *I) is nonempty. In the terminal period
itself, both types play sincerely at every funded belief, as shown above. Then, the attack
region is empty and there is no threshold p7,, which is why part (iii) restricts to ¢ < 7. This
establishes parts (ii) and (iii).

T < oo construction. In the remainder of the proof, the symbols ¥l @bl ﬂ[j], and
1*U) denote the objects of equations (A.3) and (A.4), with p* ) = 0 and p*U! = (p=)~1(El—1)
for 5 > 2, and no longer the thresholds of the monotone equilibrium fixed above. Consider

the following strategy profile. The donor funds at belief p with j periods remaining if and
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only if WUl(1) > 0. At j =1, both types of recipient play sincerely at every belief. At j > 2,
both types attack in the shine at every belief, and in the rain, both types attack at beliefs
p < ! and defend at beliefs p > p*Ul. Beliefs follow Bayes’ rule on the path of play. A
defense leads to the posterior = (u) in both realizations of the flow payoff, as does an attack
whose flow payoff reveals the rain. At a belief the donor funds only by deviating, the posterior
after an attack is as follows. For p € [ab—1, ll), it is given by Bayes’ rule when both types
attack regardless of the weather, and thus the posterior is ¢ when only the action is observed
and gt (1) when the flow payoff reveals a shine. For pu < /=Y, the posterior is V=1 both
when only the action is observed and when the flow payoff reveals a shine, and it is u~ ()
when the flow payoff reveals the rain. These specifications agree with Bayes’ rule wherever
the observation is on the path of play, and in every case the posterior after an attack weakly
exceeds the posterior after a defense.

We first show the donor’s funded set is the interval [ﬁm, 1]. Against the strategy profile’s
recipient play, the donor’s surplus from funding and continuing optimally is WUl To see this,
note that equation (A.3) gives the flow payoff and continuation values when both types play
sincerely, equation (A.4) gives them when both types pool on attack, and play at j = 1 is
sincere by construction. The proof of Lemma 5 shows equation (A.4) is weakly increasing
below p*U], and by inequality (A.7) equation (A.3) is strictly positive at and above j*Ul.
Then, the set of beliefs at which WUl(4) > 0 is an interval with infimum 7V! and right
endpoint 1. We show by induction that Ul is right-continuous in p. The terminal case is
continuous, right-continuity passes through the maximum with zero and through composition
with the continuous increasing maps p*, and every belief has a right-neighborhood on which
Wl coincides with one of equations (A.3) and (A.4), which completes the induction. Then,
Wll(ab]) equals the limit of WUl(p) as p decreases to fil/], which is at least zero, and the
funded set is [@V], 1].

The thresholds are ordered by Proposition 5, gl! > ali=1 at every j > 2, with gt =
w5 > 0. By inequality (A.6),

Ia[j] < pot — (1—0)(6(1 — )‘))Til(l —c/a)b < patt

N (51— s0)a

I

and thus every threshold is interior. Moreover, inequality (A.7) gives pll > pett > gl and
thus the attack region [l 1*U]) is nonempty at every j > 2.

Next, we establish that the bound of Lemma 8 applies. The donor funds on the interval
[ﬂ[j], 1], and after an attack at a funded belief, the posterior is p itself when only the action
is observed and both types pool on attack, is u*(u) when only the action is observed and
both types play sincerely, and is u™ () when the flow payoff reveals a shine. Each of these
is at least /=Y. The first is because p > gl > a1 by Proposition 5, and the others are
because p" (1) > p. The conditions of Lemma 8 therefore hold, and the recipient’s value at

every funded belief is at least the bound of Lemma 8.
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We can now verify the recipient’s play at funded beliefs, beginning with the shine. Fix
a funded belief ;4 and j > 2. Attacking yields a flow payoff of a, and the posterior remains
funded regardless of whether the flow payoff is observed, whereas defending yields a flow
payoff of zero. Then, by Lemmas 8 and 7, the payoff from attacking exceeds the payoff from
defending by at least a — (5(17éj_1] — yéj_l}) > a — b > 0. Both types attack in the shine.

In the rain, take first u € [l u*U]). Defending lowers the belief to p~(u) < p~ (u*l]) =
b~ funding ends, and the payoff is b. Attacking yields a flow payoff of zero, and with
probability 1 — X the donor observes only the action, the posterior stays at p > /=1, and
funding continues. Playing sincerely next period yields an expected flow payoff of at least
spa+ (1 — sp)b > spa + (1 — sp)b. Then, attacking is worth at least 6(1 — \)(spa + (1 — s0)b),
which exceeds b because A < 1—b/[5(soa+ (1 —s0)b)]. Both types attack. Now take pu > p*ll.
Defending moves both posteriors to p~ (u) > ﬂ[j ~1 funding continues, and defending is worth
the flow payoff b together with the discounted continuation, whereas attacking yields a flow

[i—1]

payoff of zero and a continuation of at most T)ej ~ . Then, by Lemmas 8 and 7, the payoff
from defending exceeds the payoff from attacking by at least b — (17([; -1 yéj _1]) > 0. Both
types defend.

The recipient moves at an unfunded belief only if the donor deviates to fund there. We
now verify that the strategy profile’s play at such beliefs is a best response to the specified
posteriors, and that the donor’s one-shot deviation is unprofitable against it. Fix j > 2, and
take first p € [ﬂ[j -1, ,a[j]), if this interval is nonempty. In the rain, defending lowers the belief
to p~ () < p (wll) = ab=1 because p < all < p* < p*Ul. Then, funding ends and
defending yields b, whereas after an attack the belief stays at x4 > iV ~! when only the action
is observed, funding continues, and a single period of sincere play yields at least sga+(1—s¢)b.
Then, attacking is worth at least 6(1—\)(spa+(1—s9)b) > b. In the shine, attacking yields at
least a whereas defending yields zero. Both types therefore attack, and the donor’s deviation
yields the flow payoff and continuation values in equation (A.4). Its value is WUl(x), which
is strictly negative below il because the set of beliefs at which Wll(4) > 0 is the interval
[V, 1], as established above.

Now take p < =1, Against the specified posteriors, after an attack in the rain the
belief is iV~Y when only the action is observed and funding continues. The recipient can
obtain at least spa + (1 — s0)b at the funded belief =1 by playing sincerely once, and thus
attacking is worth at least §(1 — A)(spa + (1 — s9)b) > b, whereas defending yields b and ends
funding. In the shine, attacking yields at least a whereas defending yields zero. Both types
therefore attack. The donor’s deviation then yields the flow payoff s(u)a — ¢ and, at their
specified posteriors, the continuation value ®U—1(ab—11) = w1 (zl—1) after an attack that

is unobserved or reveals a shine, and zero otherwise. Its value is

s(p)a — e+ 0(1 — X+ As(p)) @0t (ab=1),
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By inequality (A.6), we have
¢ — s(ua > e — s(A)a = (51 — s)a(uett — g~1) > (1= )(6(1 - )71 e/a)h,

and thus the deviation is strictly unprofitable whenever sWU—1(zli=1) is at most (1—6)(6(1—
T - ¢/a)b. To bound WU (=1, we show by induction on j that, for every pair of
beliefs 1/ < pu < pu®

WP () — V(') < [s(p) = s(1)] § —a5)2 " 5(A1(a—;>§)

At j =1, we have () — (/) = [s(n) — s())](a — b), and a — b < a/(1 — §)? gives the
claim. Now fix j > 2 and suppose the claim holds at j — 1. Both beliefs lie below pt < p*U],
and thus equation (A.4) applies to each, and differencing,

() = W) = [s() = s Y]a+ 51 = ) [0 () — @510 |

X [s() @Vt (1)) = (@I ()]

Consider the first bracketed term. If V=1 (/) > 0, then WV—1(1) > 0 as well, because wli—1]
is weakly increasing by the proof of Lemma 5, so ®U~1 = max{0, \I/[j*”} agrees with WU—1 at
both beliefs, and the difference equals WU () — w1 (/). 1f W1 (1) <0, the difference is
zero. Otherwise, the difference is WU=1(y), which is less than WU () — ¥U=1(4/). In every
case, the first bracketed term is at most WU—1(y) — w1 (), and the inductive hypothesis
then bounds it by [s(u) — s(u/)]a/(1 — 6)? + dA(a — ¢)/(1 — §). For the second bracketed
and using ®U~1 € [0, (a — ¢)/(1 — §)] with
a—c)/(1—=9)+ (a—c)/(1—49). Combining
s(¢) of at most a/(1 — §)? and the terms free

~—

term, adding and subtracting s(u/)®U—1(ut (1)

—

s(u') <1 gives an upper bound of [s(u) — s(u')]

/\

the three bounds gives a coefficient on s(u) —
of s(u) — s(y') sum to at most dA(a —¢)/(1 — 0
any 4/ < gV~ which exists because g/~ > 0, and note ¥V=1(;/) < 0. The claim at j — 1

2 which completes the induction. Now take

~—

with = V=1 then gives

G =1y < |s(Eb—1) — 3(“’/)] (1 —aé)? * 5(/\1(615;)

Because this holds for every p/ < iV~ and s is continuous, we have WU (gl=1) < §)\(a —
¢)/(1 —§)2. The deviation is therefore strictly unprofitable whenever

5?Xa — c)

gy <=0 c/ap,

which rearranges to A/(1 — \)T=1 < (1 —6)3673b/a. If A < 1/2, then (1 — \)T—1 > 2-(T—1)
and then \/(1 — \)T~! < 2771\, The required inequality therefore holds for every A below
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the smaller of 1/2 and (1 — §)367 —3b/(27~'a), which is the strictly positive bound of part (i)
included in the definition of A*. Then, A < A* implies the deviation is strictly unprofitable.
At j = 1, the strategy profile plays sincerely at every belief, and funding at an unfunded
p < pm yields u*™(u) — ¢ < 0.

In the terminal period, there is no continuation, and thus attacking in the shine yields a
flow payoff of a > 0 whereas defending yields zero, and defending in the rain yields a flow
payoff of b > 0 whereas attacking yields zero, so the prescribed terminal play is optimal.

It remains to check that the strategy profile is monotone. The posterior after an attack
weakly exceeds the posterior after a defense at every belief, by the specification of the
posteriors above. The probability of a defense in the rain is zero at funded beliefs below
1*l] and one at beliefs weakly above it, weakly increasing in p, as verified above. The funded
set is the interval [ﬂm, 1], as established above. Then, the strategy profile satisfies each part

of Definition 1 and is a monotone equilibrium, and part (i) follows. O

E.2 Lemmal

Lemma 1. Suppose A\ < A\*. Then,
(i) most-sincere equilibria exist;

(ii) every most-sincere equilibrium has the lowest donor’s funding threshold for all t > 2

among all monotone equilibria, fiy = i, := infyex, iu(0); and
(iii) every most-sincere equilibrium is Pareto optimal among all monotone equilibria.

Proof. We proceed in two parts, first with any finite horizon and then with the infinite horizon.

T < oco. Suppose first that T' < oco. Fix any monotone equilibrium. Objects carrying
the superscript [j] are those of equations (A.3) and (A.4), and objects carrying the subscript
t are those of the fixed equilibrium, with j = T — ¢t + 1 the number of periods remaining.
We show by induction on j that the donor’s surplus from funding is at most ¥U! (1) at every
funded belief i, and their continuation surplus is at most ®U/ (1) at every belief, and thus
that g, > fl! and wy > il At j = 1, both types play sincerely, the donor’s surplus
from funding is u*™(u) — ¢ = WH(w), and thus ir > p* = Al Now fix j > 2 and
suppose the claims hold below j. By the inductive hypothesis, the donor’s continuation
value with j — 1 periods remaining is at most ®U~1 at every belief, and, by part (iii) of
Theorem 1, the recipient pools on attack below p; and plays sincerely above, with py >
(™) H(es1) = ()7 (@EV 1) = bl At every p < ), we have p () < gl < figqy
by the inductive hypothesis, and thus a flow payoff revealing the rain ends funding and the
donor’s surplus is at most equation (A.4). At every p € [,u*m, uy), the donor’s surplus is at
most WU (1) + X1 — s(p) @V (u= () < gl (1) by Lemma 4. At every u > uf, the

at sin
(4]

donor’s surplus is at most W7 (u). Then, every funded belief has ¥Ul(y) > 0, and thus
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¢ > bl The donor’s continuation surplus is zero at unfunded beliefs and equals the funding
surplus at funded beliefs, in both cases at most ®U (1), which completes the induction.

The equilibrium constructed in the proof of Theorem 1 has funding thresholds il and
thresholds (=)' (zV~Y) = p*Ul. Then, pf = p*V); the infimum is attained, and most-sincere
equilibria exist, which is part (i). Moreover, fix any most-sincere equilibrium and any t > 2,
with j = T —t + 1. Part (iii) of Theorem 1 at period ¢ — 1 gives u}_; > (u~)"(fit), most-
sincerity gives puy_; = (™)~ Y(al)), and applying the increasing map p~ yields f; < bl
Together with fi; > iUl in every monotone equilibrium, this yields L, = bl at every t > 2,
and hence part (ii).

Finally, fix a most-sincere equilibrium and any monotone equilibrium that yields a weakly
higher payoff at the initial prior p; for the donor and for the recipient. Denote by Vb,t’ and
Ve,,t’ the period-t’ value functions of the donor and of the recipient of type # in the latter
equilibrium, and let ¢’ denote the first period in which the two equilibria induce different play
at the belief realized in that period, with # = T'+1 if no such period arrives. Before period ¢,
the two equilibria induce the same actions at the same beliefs, and thus the same flow payoffs
and the same distribution over realized beliefs. Then, the donor’s values at the initial prior

differ by the expected discounted difference at period ¢,
T (1) = Vp 1 (1) = E [~ (@7 (@) = v ()|, (A.22)

where x denotes the belief realized in period ¢’ and the term at ¢’ = T' + 1 equals zero. The
induction above gives ®7—*+1(z) > V] () at every belief, the hypothesis gives VJ, | (1) >
®l(111), and thus every realization of equation (A.22) satisfies 7~ +1(z) = Vh ().

Now fix any realization with ¢’ < T, so that play differs at x in period ¢'. The induction
above gives fiy > 7V and oy > plil at j = T — ¢ + 1, and thus play at z can differ in
only two ways, either the most-sincere equilibrium funds at x while the other does not, or
both fund and the most-sincere equilibrium plays sincerely at x while the other pools on
attack. Suppose the donor funds at x in both equilibria and the recipient pools on attack
at z in the other equilibrium while playing sincerely in the most-sincere equilibrium. The
belief z is funded in both equilibria, and thus z > il and ®Ul(z) = wlbl(z), which equals
ol

\I/([ft]t(x) +0M(1 — s(x))@V (= (x)) by the induction above, which lies strictly below gl (x)

sin

(z) because x > p*Ul. The donor’s surplus at z in the other equilibrium is at most

by Lemma 4, and thus V7, ,(2) < ®Ul(z), which contradicts the equality above. Then, at
every realization with ¢ < T, the donor funds at z in the most-sincere equilibrium and not
in the other, and Vp, ,,(z) =0 = ®Ul(z) gives Wll(z) = 0.

The recipients’ values at the initial prior likewise differ by the expected discounted difference

at period t,

V(1) = Vo () = By |87 (Vi (@) = Vou(@))] (A.23)
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where Vp ¢ denotes the value function of type 6 in the most-sincere equilibrium, the expectation
conditions on type 6, and the term at ¢ = T + 1 equals zero. At every realization with
t' < T, funding ends at x in the other equilibrium and Vel,t/ (z) = 0, whereas the belief z is
funded in the most-sincere equilibrium and Vp 4 (x) is at least the bound of Lemma 8, which
is strictly positive. Every realized belief is interior, and thus each type realizes every path
with positive probability, and the right-hand side of equation (A.23) is strictly negative for
each type whenever some realization has ¢ < T. Averaging equation (A.23) over the types
with weights pp and 1 — 1 gives the recipient’s payoff difference at the initial prior, which
is non-negative by hypothesis, and thus every realization has ¢’ = T + 1, the two equilibria
induce the same play at every realized belief, and the payoffs of every player coincide at the
initial prior. Then, no monotone equilibrium yields any player a strictly higher payoff than a

most-sincere equilibrium, concluding part (iii).

T = oo. Now suppose 1" = 0o, where every monotone equilibrium is stationary, and write
Vg/’A for the donor’s best-response value of the proof of Theorem 1 against the recipient that
attacks in the shine at every belief and defends in the rain if and only if x> (u=) = (/).

First, the funding threshold i of every monotone equilibrium satisfies

att dA(a —c)

b 8 (51 = so)a” (A.24)

By the proof of Theorem 1, both types pool on attack at p, a flow payoff revealing the rain
ends funding, and otherwise the belief stays at ji or moves to u*(ji). The donor’s value Vp

in this equilibrium is at least ¢/(1 — ) at i and satisfies

C

Vi(p) = s(m)a+0 | (1= NVb() + As(m)Vp (™ (1) + A1 = s(8) 7—5 | »

and substituting Vp(j1) > ¢/(1—0) and Vp(u*(j1)) < a/(1—3) and rearranging gives inequality
(A.24). Because (=)~ (u) > p, astrictly positive bound on A, folded into A*, then makes
(=)~ Y(j@) > p in every monotone equilibrium.

Second, Vp < Vg’/\ at every funded belief. Substitute Vg’)‘ as the continuation value into
the donor’s one-step value under the equilibrium’s recipient play, with funding on [f, 1], and,
at any belief, call the one-step value when both types always attack the one-step attack value
and the one-step value when both types play sincerely the one-step sincere value. At unfunded
beliefs the substitution returns ¢/(1—3) < V4 X. where both recipients always attack, it differs
from the one-step attack value of Vg’)‘ only in the rain-revealed continuation ¢/(1—9) < Vg’/\;
where both are sincere, the one-step values coincide. Where the equilibrium’s recipient always

attacks and the recipient defining V£ is sincere, we have p > (=) (fz) > ", and it suffices
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that

VB0 = [s VBN () + (1= s()VE ™ ()] < (1= s, (A.25)

because then the one-step attack value falls short of the one-step sincere value, which is at
most Vg’)‘(,u). The bracketed average is at least s(u)a/(1 — §), because Vg’)‘ > s(-)a/(1—9)
at every belief, as established in the proof of Theorem 1. If Vg’/\(u) = ¢/(1—9), the left-hand
side of inequality (A.25) is at most zero because s(p)a > ¢; otherwise Vg’)‘(u) is the one-step
sincere value and the left-hand side is 4" (u1) less 1 —§ times the average, at most (1 —s(u))b.
Repeated substitution, which is monotone and converges to Vp, gives Vp < Vg’/\.

Third, let i be the smallest candidate p/ € (0, u*"] at which the funding expression of
equation (A.18) under Vgl’)‘, evaluated at 1/, is at least ¢/(1—4). This expression is continuous
in i/ and weakly profitable at the threshold constructed in the proof of Theorem 1.

Fix any pu” € (0,u%) and any A < (1 — §) (c — s(i)a) / (§s(u")a), a strictly positive
bound folded into A*. At any candidate p/ < p”, if the supremum of V[")‘/’)‘ over beliefs
weakly below p/ exceeded ¢/(1 — ¢), the funding branch of equation (A.18) would bound it
by s(u")a(l — 6 +6\)/(1 —6)? < ¢/(1 —d). Then, VL/’)‘/’A = ¢/(1 — 0) at every belief weakly
below 4/, and the funding expression at y' lies strictly below ¢/(1 — 6).

Then, i > 1" exists, every smaller candidate is strictly unprofitable, and continuity gives
the donor indifference of the construction at p. The verification in the proof of Theorem
1 then applies and delivers a monotone equilibrium with funding threshold fi and sincerity
threshold p* := (u™) ().

In any monotone equilibrium, funding at i is optimal, and its value there is the same
funding expression evaluated at Vp < Vg’A. Then, i > j and p* > (u7)7'(z) > p*,
the infimum of the sincerity thresholds is attained, and most-sincere equilibria exist, which
completes part (i).

Moreover, every most-sincere equilibrium has (p=)7!(iz) < p* = p*, and thus i = i and
it funds on [f1,1]. A defense at p* lands on the funded belief i and is strictly optimal by
equation (A.13) and inequality (A.14), so the equilibrium defends in the rain exactly at beliefs
weakly above p*, and the donor’s value is Vg’/\ at every funded belief.

For part (iii), fix an initial prior g1, a most-sincere equilibrium, with value functions ng
and V;i”, and any monotone equilibrium, with value functions V}, and Vj, that yields the
donor and the recipient a weakly higher payoff at p;. Substituting Vg)\ into the donor’s
one-step value under the latter equilibrium’s recipient play and funding rule returns at most
Vg’)\ at every belief, by the cases of the second step, using p* > p* from the third step
in the sincere case; in the only new case, always attacking at p > p*, inequality (A.25)
at i places the one-step attack value below the one-step sincere value Vg’)\(u) by at least
(1 —s(p))b(1 —0(1 —A)) > 0. Then, V}, < Vg’)\ at every belief. Let ¢’ be the first period

in which the two equilibria induce different play at the realized belief, with ¢’ = oo if none
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arrives, and x the belief realized in period ¢'. Values are bounded and discounted, so
V™ (1) = Vi (u1) = E[6" (V" (x) = Vi ()],

with the event ¢ = co contributing zero, and likewise for the recipient of each type 6 under
Ey. Play at z can differ in only two ways: only the most-sincere equilibrium funds at x,
or both fund and the latter equilibrium pools on attack at x > p* while the most-sincere
equilibrium plays sincerely. Either way x is funded in the most-sincere equilibrium, where
VBm = Vg’)\ > VJ,, so every realization term is non-negative, the hypothesis makes the
expectation at most zero, and every realization with ¢ < oo has V5" (x) = Vj(z). The
second kind is impossible: V/,(x) is its one-step attack value at V},, at most that at Vg’ ,
which falls short of V5™ (z) as above. Then, at every realization with ¢ < oo, funding ends at
in the latter equilibrium, Vj(z) = 0, and V" (z) is at least the strictly positive lower bound
of equation (A.13). Every belief on the common path is interior, each type realizes every
path with positive probability, and each type’s decomposition is strictly negative whenever
t' < oo with positive probability. Averaging over the types with weights pq and 1 — py gives
the recipient’s payoff difference at p;, which is strictly negative as well, contradicting the
hypothesis. Then, ¢ = oo almost surely, payoffs coincide at 1, and no monotone equilibrium

yields any player a strictly higher payoff, concluding part (iii) at 7' = co. O

E.3 Proposition 1

Proposition 1 (Comparative Statics). Suppose A < A\*. Then,

1. in every period t, the thresholds L, and p; are weakly increasing in ¢ and weakly

decreasing in a, b, and §; and

2. at A = 0, the threshold /}[OO} is decreasing in sy and Ssi, and the threshold H*[OO} 1
decreasing in sg, and increasing in s1 if and only if s > 1/2+ ¢/(2a).

Proof. The proof of Lemma 1 gives B, = il and wy = p*Ul at every t, with j = T —t+ 1
periods remaining. Equations (A.3) and (A.4) do not depend on T, and thus define !
at every 7 > 1. The bound of Proposition 5 is positive at every T, and A = 0 lies below
each. Then, the sequence ﬂm is nondecreasing by Proposition 5, bounded above by %! by

—1 Ul converges to p*1%°). We also

inequality (A.6), and convergent. By continuity of (1)
have fil>! > gl = 5" and p*™ > 0 by equation (A.2).

Next, we prove the characterization of i), Take first A = 0 and fix any p € (ptm, patty.
By inequality (A.7), we have p*Ul > p9% > i at every j > 2, and thus equation (A.4) applies

at u and, at A =0,

UUl(1) = s(p)a — ¢+ 6 max {0, \I/[j_l](u)} .
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If WU—1(p) < 0 at some j, then WU'l(11) = s(p)a—c < 0 at every j/ > j. If instead WUl (1) > 0
at every j' < j, then iterating,

WUl (1) = (s(p)a— 6)11_&51 + 87 (W () —¢)

which is negative at every sufficiently large j because s(p)a < ¢. In either case, WUl(y) < 0

at every sufficiently large 7, and thus Ul > 4 eventually and (> > p. Then, al>) = pott.
Now take A € (0,\*) and fix any pu < p and any j > 2. By inequality (A.7), we have

p < p*ll and thus equation (A.4) applies at p. Whichever of equations (A.3) and (A.4)

applies at u*(u), its flow payoff is at least s(u™(11))a — ¢ and its continuation values are non-

negative, and thus ®U—(u* (1)) > s(u*(u))a — ¢. Then, dropping the non-negative term

5(1 — N)@U=1(p) from equation (A.4),

WUl(u) > s(p)a— c+ 6xs(u) [s(u™ (1)a — .

The right-hand side is continuous in x, and at p = p® it equals dAs(u™) [s(u™ (1*))a — ¢,

which is strictly positive because ut(ut) > p%t. Then, the right-hand side is strictly positive

att every belief in the interval is funded at every

on an interval of beliefs with upper end p
j > 2, and plt! = ¥ < p* . The thresholds il therefore remain bounded away from pott
at every j.

For part (i), fix two values ¢/ > ¢ of the donor’s flow cost, holding the remaining primitives
fixed, and suppose A < \* holds at both. We show by induction on j that \Il[ﬂ (1) < gl (1) at
every u, that ﬂg} > /Z[Cj ], and thus that uz/[j +1] > ,uz[j H], where subscripts denote the value of
c. At j =1, we have Wl (1) = u¥ (1) — ¢, which is decreasing in ¢, and al'! = 5™, which is
increasing in ¢. Now fix j > 2 and suppose all three claims hold below j. At every u < ,uz[j },
both versions take equation (A.4), and \I/B] (1) < yl] (1) by the inductive hypothesis. At

every p > ,uz,[j }, both versions take equation (A.3), and the comparison is identical. At every

pe [MZM,MZ/M) |
\IJ[C],] (u) is at most equation (A.4) evaluated at ¢ as above, which is at most pl! (1) by Lemma
4 and ®U~1 > 0. Then, every belief with \IILJ,] (1) > 0 has \I’[CJ](,u) > 0, and thus [L[CJ,] > ﬂ([zﬂ,

and MZ[HH > qu[jJrl] -1

, the ¢ version takes equation (A.4) and the ¢ version equation (A.3), and thus

because (u~)~" is increasing. The arguments for a, for b, and for ¢ are
symmetric with the inequalities reversed. A larger a raises the flow payoff of equations (A.3)
and (A.4) and lowers p*", a larger b raises the flow payoff of equation (A.3), leaves equation
(A.4) unchanged, and lowers ;*™, and a larger § raises the non-negative continuation term of
each and leaves 1*® unchanged. In each argument, only the version with the larger parameter
value plays sincerely on the interval between the two values of ,u*m, and there the surplus
at the smaller value is at most equation (A.4) at the larger value, which is at most equation
(A.3) at the larger value by Lemma 4 and ®U—1 > 0.

Now let T' = oo, and suppose A < A" at both parameter values. By Lemma 1, the

att]

thresholds are fi, the smallest candidate p’ € (0, 4] at which funding is weakly profitable in
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the sense of its proof, and p* = (=)~ (f), where (u=)~*

is increasing and free of a, b, ¢, and
0. For a fixed candidate, the recipient strategy defining Vg/’A is the same at both parameter
values, and Vl’)‘,’A net of ¢/(1—9) is the unique bounded fixed point of a monotone map whose
flow terms s(u)a — ¢ and u*™(u) — ¢ fall in ¢ and rise in a and, for the sincere term, in b,
and whose non-negative continuation terms carry weight &, which a larger § raises. Repeated
substitution therefore orders the fixed points across parameter values, and with them the
funding expression at every candidate. Take ¢ > ¢: every candidate weakly profitable at ¢’
either exceeds pdtt > B, oris weakly profitable at ¢, so L, = [, Fora larger value of a, b,
or , the smaller value’s threshold fi is either weakly profitable at the larger value or exceeds
1 at the larger value, and either way the larger value’s threshold is weakly smaller. In every
case, u* moves with .

For part (ii), the characterization above gives al>l = 19 at X = 0. The derivative of p4
in sp has the sign of ¢/a — s and in s; the sign of spa — ¢, both negative by Assumption 1.

Solving p~(x) = p™ for x gives

xoo] _ (1 — s0)(c — soa)
(s1 —s0) [a(l —s1) +c— spal’

I

whose derivative in sg has the sign of [a(2sg — 1) — ¢] (1—s1)(s1a—¢) < 0, because a(2s9p—1) <
spa < ¢, and whose derivative in s; has the sign of (1 — sg)(c — spa)(2s1a — a — ¢), which is
positive if and only if 2s; > 1+ ¢/a. O

E.4 Proposition 2

Proposition 2. For each A € [0,)\*), fiz any most-sincere equilibrium with funding and
sincerity thresholds [i () and pi(X). Denote by Vyi(u; X) the recipient continuation value
given \. Then, for everyt < T, each 0, and all but finitely many p € (f1:(0), 7 (0)),

OV t(; A)

<0.
oA A0

Proof. Suppose first that T < oo and fix t < T. By the proof of Lemma 1, the thresholds
satisfy fig (A) = a7V T(N\) at every ¢/ > 2 and pi(\) = (=) (g1 (N)) at every ¢ < T,
and thus these thresholds converge to their values at A = 0 by Lemma 6. In the first period,
the belief is the initial prior, which does not immediately end the game by assumption. To
see that the first identity extends to # = 1, note that the donor’s first-period funding surplus
is wl7] (13 \) at every belief that no composition of ™ and p~ carries to a threshold, which is
strictly positive above flT!()), and thus part (iii) of Definition 1 gives iy (\) < alT}(\), while
the reverse inequality holds in every monotone equilibrium.

By part (iii) of Theorem 1, both types play the same action at every funded belief in
each realization of the weather, and thus every observation moves the donor’s belief from its

current value fi to i, u (1), or u~(ji). Then, at any A, every belief realized in period ¢ arises

A-38



from applying the maps u+ and = to the period-t belief at most ¢’ — ¢ times.

These compositions are finitely many and strictly increasing, and thus only finitely many
beliefs in (fi;(0), uf(0)) are carried by some composition to some threshold fi(0) or u3(0).
Fix any g in this interval that is not. Then, each belief realized in a period t' lies strictly
above or strictly below fi(0), and likewise for p;,(0), and by the convergence above there is
a A > 0 such that each realized belief lies on the same side of iy (\) and of u}(A) at every
A€ [0,N).

Fix A € [0,\) and any belief /i realized in a period ¢’ with ji > fiy(\), which the donor
funds. By Proposition 6, we have i > fig(\) > jig11(N), and p* () > ji, and thus the donor
funds at i and at pt(f) in period ¢/ + 1. If i < g5 (X), both types pool on attack by part (iii)
of Theorem 1, the belief stays at ji when no flow payoff is observed and moves to u*(jz) when
the flow payoff reveals a shine, and i < p(A) = () Hir+1(N)) gives p= (i) < i1 (N),

and thus a flow payoff revealing the rain ends funding. Then,
V.o (f1; X) = spa + 6 [(1 = M)V r1(f1; M) + AspVa w1 (™ (2); V)] - (A.26)

If instead o > p}(X), both types play sincerely, the posterior is u*(f) after an attack and
p~(j1) after a defense regardless of whether the flow payoff is observed, and i > (=)' (figr41()\))
gives u~ (1) > fip+1(A), and thus both posteriors remain funded. Then,

Vo (fis A) = 89 [a + Va1 (WF (1); )] + (1 = s9) [0+ Vo1 (n™ (2); N)] - (A.27)

In the terminal period, both types play sincerely, there is no continuation, and Vp r(fi; A\) =
spa + (1 — sg)b at every funded fi. The terminal value is constant in A, and equations (A.26)
and (A.27) build each value from later values by sums and products of polynomials in A, and
thus, by backward induction, Vg, (ji; A) is a polynomial in A on [0, \) at every realized belief
fi > fiy'(X). Denote by Dg (i) its derivative at A = 0.

We show Dy (fi) < 0 at every such belief by backward induction, where Dy (i) = 0
because the terminal value is constant in A\. At a belief with i > puy(0), differentiating

equation (A.27) at A = 0 gives

Doy (f1) = 6s9Dgr11 (' (1)) + (1 — 59) Do yria (1™ (1)) <0

by the inductive hypothesis. At a belief with fi < 3 (0), differentiating equation (A.26) at
A =0 gives

Doy (it) = 6Dgp1(f) + 6 [soVow1 (0t (72);0) — Vopia (0)] . (A.28)

An attack yields the recipient a flow payoff of a in the shine and zero in the rain, a defense

yields b in the rain and zero in the shine, and thus the expected flow payoff of the recipient
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in any period is at most sga + (1 — sp)b and

1— 5T—t'

Vo (1" (12);0) < (spa + (1 = s9)b)——

At X = 0, the belief stays put in every period pooling on attack, and in every sincere period
the realized belief lies above the sincere threshold of its period, so its downward update lands
weakly above the next period’s funding threshold. Together with g > fy(\) > () at
every t” > t' by Proposition 6, every belief reached from fi remains funded and the expected

flow payoff is at least sga in every period, whether play pools or is sincere. Then,

1— 5T—t/

Vor+1(i1;0) > spa————

0t +1(,Un ) = Spa 1-3
Then, the bracketed term of equation (A.28) is at most

1-— (5T_t/ 1— 5T_t, 1— 5T—t’
[ %05 ——59(1—39)(a—b)ﬁ

so(spa+ (1 — sp)b) <0,
and thus Dy (ft) < 0, which completes the induction. The belief p is realized in period t
with g > fi;(X) and p < pf(0), and thus Dy () < 0.

Now let T' = oo, and write ji(\), p*(A) = (=)~ 1(z())), and Vp(u; ) for the stationary
thresholds and values of Lemma 1, so that it suffices to prove the derivative inequality at
every u € (1(0), u*(0)). By the proof of Theorem 1, we have fi(\) < u®t at every A > 0 and
@(0) = p, so p*(\) < p*(0), and inequality (A.24) gives i(A) — f(0) and p*(A) — p*(0)
as A — 0. Fix a type 0, a belief u € (f(0), £*(0)), and A € (0, \*) with p < p*()\) at every
A < . At every A € [0, ), both types pool on attack at the funded belief 1, the belief stays
at ;1 when no flow payoff is observed, moves to the funded belief p*(u) when a flow payoff

reveals a shine, and a flow payoff revealing the rain ends funding, so

spa + 0AsgVp(u™ (u); )

Vo A) = ol — N ;

and, with Vy(u;0) = sga/(1 — 0), direct computation gives

Vo(ps A) — Vo(ps 0) _ dsg [(1 — 0)Va(u™ (p); A) — af
) 1-01-A)(1-0)

(A.29)

Next, Vo(ut(n);A) = Va(ut(1);0) as A — 0. Couple the equilibria across A on a common
weather sequence and common independent uniform draws, with the flow payoff observed
when the draw is at most A. Both types play the same action at every funded belief, and thus
every belief realized from p* (1) within N periods lies among the at most N-fold compositions
of u* and p~ applied to u™ (i), a finite set. Each such belief retains its funding and play at

att

every sufficiently small A: beliefs weakly above u* are funded at every A\ and beliefs below are
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eventually unfunded, beliefs above p*(0) are sincere at every A and, at beliefs weakly below
that are funded, both types eventually attack regardless of the weather, and at p*(0) itself a
defense lands on the funded belief p~(1*(0)) = (0) > fi(A), so both types are sincere there
at every A\ by equation (A.13) and inequality (A.14). Then, for every N there is a Ay > 0
such that, at every A < Ay, the coupled paths from u™ (i) coincide through period N unless
some of the first IV draws is at most A, an event of probability at most INA, and values are
bounded by a/(1 —6), so [Vo(ut(p); ) — Vo(uT(1);0)| < (NX +6™)2a/(1 — 6), and taking
A — 0 and then N — oo gives the convergence. Then, taking A — 0 in equation (A.29), the

derivative exists and equals

Vo N | _ sy (1= 8)Vp(u*(0):0) —a] _8sp(1 — s0)(a )
A | (10 ST ooy

<0,
by equation (A.13) and a > b. O

E.5 Proposition 3

Now, fix a game of length T" and an initial belief ;. For each type 60, define

1—63-1

——5 " &1 (sga + (1 — s9)b) (A.30)

Fy(j) := sea
at every 7 > 1. For a candidate block length k¥ < T — 1, consider the two conditions

o (pa) < ™=, (A.31)
1— ¢!

#TMT—k)>b+5u—s@ni—77,

(A.32)
and let k := m + 1, where m is the largest integer in {1,...,7 — 1} such that conditions
(A.31) and (A.32) hold after replacing k by every k' < m.

Proposition 3. Let T < oo, A = 0, and p; € [/_]1(0),/_1,{(0)). Then, there exists a k > 2
such that, for every k < k, the commitment game has a monotone equilibrium and, in every

monotone equilibrium, both types of recipient attack at every belief reached in the block.

Proof. We show the proposition holds with the block bound k defined at the start of this
subsection.

At k =1, condition (A.31) is p~ (1) < @Y, which is uy < pt(0), and condition (A.32)
is 0Fp(T — 1) > b. Rearranging inequality (3) gives soa/(1 — 6) > spa + (1 — so)b, and thus
Fo(3) > spa+ (1 — s0)b at every j. Then, §Fy(T — 1) > ¢ (spa + (1 — s9)b) > b, and thus
k > 2. Fix k < k. From period k + 1, play follows the most-sincere equilibrium selected in
the definition of the commitment game, its funding threshold with T'— k periods remaining is
Tk by Lemma 1, and thus a recipient is funded after the block if and only if the block-end
belief is at least al7—*.
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We record two facts about every monotone equilibrium of the commitment game. First, at
every belief i and every period, the posterior after an attack is at least fi. In either probability
case, part (i) of Definition 1 gives the claim. Second, at every belief at least ATk with j

periods remaining in the game, the value of a recipient of type 0 satisfies

1— 67

Fg(]) < Vg < (89(1+(1 —Sg)b) 1—¢ .

(A.33)

The upper bound holds at every belief, because no play yields an expected flow payoff above
spa + (1 — sp)b in any period. For the lower bound, consider the deviation that attacks
whenever funded in every remaining nonterminal period, including the discretionary periods
after the block, and plays sincerely at the terminal period. An attack weakly raises the
donor’s belief by the first fact, the funding thresholds weakly decline over time, and thus the
deviation preserves funding through the terminal period once the block-end belief is at least
AT =K Tt yields the expected flow payoff sga in each of the first j — 1 remaining periods and
spa + (1 — sp)b at the terminal period, and collecting the flows gives Fy(7).

Next, we construct a monotone equilibrium. At every block-period belief p € (0, 1), both
types attack in both realizations of the weather, the donor’s posterior after an attack is her
prior, and her posterior after the off-path defense is zero. At each belief u € {0,1}, both
types play sincerely and the posterior remains the prior after every observation. From period
k + 1, play follows the most-sincere equilibrium selected in the definition of the commitment
game. Part (i) of Definition 1 holds at every belief. Across the funded beliefs in (0, 1) within
the block, the probability of defending in the rain is zero, which satisfies part (ii), part (ii)
holds across such beliefs in the discretionary periods because the continuation is a monotone
equilibrium, and no belief in (0, 1) arises off the path within the block. Funding is exogenous
within the block and follows the most-sincere threshold after it, which satisfies part (iii) as
adapted to the commitment game. Then, the profile is monotone. On the path of play,
the belief remains p1, which is at least 7 —* because p; > £, (0) = Tl > alT=k by the
proof of Lemma 1 and Proposition 5. Consider a deviation by a recipient of type 8 to a
defense in a block period with n — 1 committed periods remaining afterward. The deviation
yields at most the flow payoff b now, at most the expected flow payoff sga + (1 — s9)b in
each remaining committed period, and a continuation of zero after the block, because the
posterior is zero, every subsequent posterior is zero, and the belief zero lies below af—*l.
Equilibrium play yields the expected flow payoff sga in each subsequent committed period
and the continuation Vy(u) after the block, which is at least Fy(T — k) by inequality (A.33).

The deviation is therefore unprofitable if

1— 671—1

whose left-hand side falls and right-hand side rises as n grows, and thus inequality (A.32) at

n = k covers every deviation by the weak type, and the strong type’s inequality follows from
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the weak type’s because F; > Fj and (1 — s1)b < (1 — sg)b. Then, the profile is a monotone
equilibrium.
The donor initiates the commitment in period 1. By inequality (A.31) and Proposition 5,

in each of the first £ periods we have
p () < p=H < b=,

where j is the number of periods remaining. Thus, p; < (=)' (aV~"Y) = p*V, so the
uncommitted most-sincere equilibrium also pools on attack throughout the first & periods.
The commitment and no-commitment games therefore induce the same play through the
commitment block and, by construction, the same continuation afterward. Their funding
surpluses consequently coincide at W'l (y1), which is non-negative because i > £,(0) = all.

Next, we show that, in every monotone equilibrium, at every block-period belief i < /][T*k]
with n > 1 committed periods remaining, every posterior realized at i lies below ﬂ[T_k}, the
block-end belief lies below 7= with probability one under the weak type’s play, and the
weak type’s continuation value is at most (spa + (1 — so)b)%. We argue by induction on
n, with the convention that at n = 0 the block has ended, the value above is zero, and the
block-end belief is i itself. Now fix n > 1 and suppose the claims hold at n — 1. Suppose
first that the attack has positive probability at ji and the posterior after an attack is at least
=K A weak recipient who attacks now and in every remaining period reaches the block’s
end with a belief at least 7=, by the first fact, and thus collects at least

1 6n71

T(S—F(S F()(T—k),

dspa
in addition to a flow payoff of @ when the current weather shines. A weak recipient who defends
collects at most b now, at most the expected flow payoff spa + (1 — s¢)b in each remaining
committed period, and nothing after the block, because the posterior after a defense lies
weakly below i by part (i) of Definition 1, so the inductive hypothesis applies. The defense

is therefore strictly unprofitable for the weak type in both realizations of the weather if

11—t

5" (T — k) > b+ (1 = so)b——5—

whose left-hand side falls and right-hand side rises as n grows, and thus condition (A.32)
at n = k covers every n < k. Then, the weak type attacks with probability one at f,
Bayes’ rule places the odds of the posterior after an attack at most at the odds of [, and
the posterior lies below ﬂ[T_k], a contradiction. Thus every posterior realized at fi lies below
/Z[T*k], because the posterior after an attack does, and the posterior after a defense either lies
weakly below the belief fi, when the attack has positive probability, or equals ji, when it does
not. Then, the inductive hypothesis applies at every belief realized in the following period,

the block-end belief lies below [L[T_k] with probability one, and the weak type’s value is at
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most (spa+ (1 — so)b)%, because no play yields a higher expected flow payoff in any period
and the value after the block is zero. This completes the induction.

Finally, suppose some monotone equilibrium departs from pooled attack at some belief
reached in the block, and consider the first block period with a departure, with n > 1
committed periods remaining. Every earlier block period pools on attack, and thus the
belief entering this period is p1, which is at least il”7~* because pu; > i, (0) = 'l > plr=H
by the proof of Lemma 1 and Proposition 5. Suppose some type 6 defends with positive
probability in some realization of the weather, and suppose first that the posterior after a

[T—K] Both posteriors then lie at least at ﬂ[T_k], inequality (A.33) bounds

the continuation values from both, and the two bounds differ by at most (1 — Sg)b%

defense is at least [

By Assumption 2, § times this difference is less than b, and thus each type strictly prefers
the defense in the rain and the attack in the shine, play is sincere, and the posterior after

a defense is 1~ (1), which lies below "= by condition (A.31), a contradiction. Suppose

[T=k] The induction above bounds the

weak type’s continuation after a defense, the posterior after an attack is at least puq > ﬂ[T*k],

instead that the posterior after a defense lies below f

and inequality (A.33) bounds the weak type’s continuation after an attack from below, so
the comparison of the previous paragraph applies unchanged, condition (A.32) makes the
defense strictly unprofitable for the weak type in both realizations of the weather, and the
weak type attacks with probability one. The defense then comes only from the strong type,
the posterior after a defense is one, and the posterior after an attack is interior, which violates
part (i) of Definition 1. Then, no type defends at p;, which contradicts the departure. Thus,
in every monotone equilibrium, both types of recipient attack at every belief reached in the

commitment block. O

E.6 Proposition 4

Proposition 4. Let A\ = 0. Then, for every K € N, there is a 6 <1 and T : (0,1) — N such
that, for every § > 8, T > T(6), 1 € [/_]1(0),@[00](0)], k < K, and all (a,b,c, so, s1) satisfying
Assumptions 1-2, the commitment game has a monotone equilibrium and, in every monotone

equilibrium, both types of recipient attack at every belief reached in the commitment block.

Proof. Fix K € N, and let § € (2/3,1) be such that 6%(3 —2/§) > 4(1 — §) at every 6 > 6,
which exists because the left-hand side rises to one and the right-hand side falls to zero as
0 — 1.

Now fix any primitives satisfying Assumptions 1 and 2 with § > 6.

By Lemma 1, we have p,(0) = al™! at every T, and thus fil>!(0) = lim;_,0 il at A = 0,
and the proof of Proposition 1 shows this limit equals p%¢. The value A = 0 lies below the
bound of Proposition 5, so inequality (A.7) gives pi(0) = p*"1 > (u7)71(u*™) > p at
every T' > 2, and thus every u; € [,1_11(0),;_1[00} (0)] = [&,(0), n*"] satisfies the hypothesis of
Proposition 3 at every T' > 2.
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Condition (A.31) holds at every T and block length, because pu~ (1) < p~ (p) < pn <
A T=*1 by Lemma 2 and Proposition 5. By Assumption 2, we have (1 — sg) < 1 — 4, and
thus the right-hand side of condition (A.32) is less than 2b at every block length.

Inequalities (3) and Assumption 2 give b < spa. Fix a block length ¥’ < K and let
T(6) := K+ 1+ [In2/In(1/6)], which depends only on § and K. At every T > T(6),
equation (A.30) gives

1— 5T—k’—1

(Sk/FO(T — k;/) 2 5K80aﬁ

> 4spa (1 — 6T_K_1) > 2spa > 2b,
because 6% > 4(1—-0), 67 K~1 < 1/2 at every T > T(6), and b < spa. Then, condition (A.32)

holds at every k' < K, both conditions hold at every k¥’ < K, and thus k > K. Proposition
3, which holds with this k, gives both claims at every block length k < K. O
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