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Abstract
Empirical studies of vote buying and clientelism emphasize the importance
of social networks and local knowledge, but formal analyses of the candidates’
problem have not examined these factors. Moreover, existing models typically
abstract away from policy considerations. We provide a formal model where
candidates may choose to employ vote buying on a network of policy-motivated
voters at the expense of a public good in order to improve their chances of election. In addition to voter and candidate preferences, we find an important role
for social structure, office motivations, and the extent of inefficiencies in public
good provision. In particular, it is possible to sustain equilibria in which no
candidate will pursue vote buying strategies even in the absence of constraining
institutions or social norms.
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Introduction

It is widely accepted that social structure affects the distribution of private political
gains, yet formal analyses of vote buying do not account for interdependence between
actors. At the same time, a growing literature in economics and graph theory provides
a technical framework for handling strategic interactions on dense social networks,
but has thus far seen only limited applications in political science.
This article joins these approaches, analyzing a networked model of a large election
in which candidates compete to influence policy-motivated voters through private
transfers—bribes—that come at the expense of a public good. By combining the
techniques of random graph analysis with the insights from a series of papers that
have observed that solutions to a broad class of games on networks correspond the
vector of Katz-Bonacich centralities (Ballester, Calvó-Armengol, and Zenou 2006;
2

Figure 1: Electoral Performance of Incumbents in 2016 Russian Elections as a Function of Regional Ethnic Makeup
Battaglini and Patacchini 2018), we are able to derive sharp results characterizing
the equilibrium distribution of bribes while retaining much of the rich complexity of
the setting.
In particular, our analytical framework allows us to overcome a major limitation
of many network models: the need to begin by taking as granted a highly complex
discrete graph structure. By focusing instead on the underlying generative process
that gives rise to observed social structure, we are able to derive closed-form expressions for the dependence of equilibrium strategies on deep features of society,
such as homophily and density, that hold with probability approaching unity in large
societies.
In order to demonstrate the value of this approach, we begin by briefly considering
an illustrative example that highlights the limitations of existing theory in account-
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ing for dependence on network structure. Figure 1 depicts performance in the 2016
elections to the Russian state Duma (the lower chamber of parliament), which, while
neither free nor fair, nonetheless exhibited considerable variation in the performance
of candidates from the ruling United Russia (UR) Party. In particular, despite UR’s
increasing association with ethnic Russian nationalism and policies of centralization,
the opposite demographic pattern emerges: on average, a five percentage point increase in the proportion of ethnic Russians in an electoral district is associated with
a one percentage point decrease in the ruling party’s vote share.
Scholars have consistently explained this apparent puzzle by reference to the dense
ethnic networks that characterize majority-minority regions and their ability to facilitate machine politics and vote buying (Drobizheva 1999; Hale 2003; Golosov 2011;
Sharafutdinova 2013; White and Saikkonen 2017). Despite this consensus over the
primary explanatory role of social structure, however, no comparative work has systematically examined it, and theoretical accounts rely primarily on the concept of
“density,” which may not well characterize empirical differences across social networks (Larson and Lewis 2017). Indeed, given the extreme complexity of networks,
precise predictions are impossible to generate without an explicit model of social
interactions such as the one presented in this paper.
The model may also be useful for other applications in political science. For
example, there has been an active literature in international political economy on vote
buying in the United Nations Security Council (UNSC). Thacker (1999) argues that
alignment with the United States in the United Nations General Assembly increases
the probability of receiving a loan from the International Monetary Fund (IMF).
Vreeland and Dreher (2014) provide further evidence that powerful countries trade
money for political favors with Security Council members. Voting alignment in the
UNSC with the United States, for example, is shown to be associated with greater
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financial assistance through direct foreign aid, as well (Alexander and Rooney 2019).

1.1

Vote Buying and Social Influence

Vote buying—distinguished from other forms of clientelist linkages (Kitschelt 2000) in
that benefits accrue directly to the individual voter and that the exchange is temporally confined to the period surrounding the election (Schaffer and Schedler 2007)—is,
despite its universal illegality, a prevalent feature of younger democracies and is associated with a variety of negative economic, social, and institutional outcomes (Keefer
2007; Hicken 2011).
Despite the potential effectiveness of private inducements as an electoral strategy
in the absence of strong partisan attachments, however, prospective vote buyers face
several key challenges in implementing these strategies in large elections. The first and
most extensively studied problem is that of commitment—since the whole exchange
is illegal and ballots are typically secret, politicians cannot be certain that voters will
follow through on their promise, nor can voters be sure that politicians will deliver
on any promise of goods if elected (Brusco, Nazareno, and Stokes 2004; Nichter 2008;
Finan and Schechter 2012; Keefer and Vlaicu 2017).
This problem, nevertheless, is frequently overcome in practice, principally through
a combination of normative commitment to reciprocity and the integration of voters
into dense social networks that facilitate information flows and two-way monitoring
(Stokes 2005; Nichter 2008; Finan and Schechter 2012; Calvo and Murillo 2013; Frye,
Reuter, and Szakonyi 2019). Stable connections to voters thus allow politicians to
simultaneously cultivate social norms that are conducive to successful vote buying and
to gather information on their actual vote choice. In addition, connections between
voters may play a crucial role, as social pressure and peer-monitoring make highlyconnected voters more likely to follow through on a vote buying agreement (Cruz
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2019).
A second difficulty relates to the identification of voters and the effective delivery
of benefits to them. In large elections, no candidate is likely to have enough information, resources, or bureaucratic capacity to reliably identify swing voters, approach
them individually, and provide private goods in a timely and cost-efficient manner.
Here, again, the cultivation of partisan political networks appears to be key, relaying information to politicians and providing established distribution channels (Stokes
2005; Calvo and Murillo 2013). This also creates a general advantage in clientelist
structures for those voters with pre-existing ties, such as family relationships, to candidates, as they are more likely to be targeted for high-value goods (Fafchamps and
Labonne 2017; Cruz, Labonne, and Querubin 2017).
A final challenge, which increases in magnitude with the size of the election, is the
imbalance between the resources available for patronage and the number of votes that
needs to be won. While high-credibility goods such as public-sector jobs or political
favors are by far the most effective at solving the commitment problem (Robinson
and Verdier 2013; Oliveros 2016), the supply of such goods is unlikely to be sufficient
to win even local elections that are decided by voting margins of several thousand.
Moreover, in many developing countries candidates lack the financial and organizational resources necessary to establish the kind of monitoring machines highlighted
above, exacerbating the problem by making monitoring essentially impossible (Kramon 2016a; Guardado and Wantchekon 2018). Hence, a growing literature has begun
to recognize another dimension of vote buying as an electoral strategy: handouts may
serve to provide voters with information about the likely behavior of the candidate
once in office (Kramon 2016a,b; Auerbach and Thachil 2018; Auerbach 2019).
Thus, a consistent theme in studies of clientelism in general, and vote buying in
particular, is that network linkages that connect elites to voters and voters to one

6

another are crucial determinants of the efficacy of these electoral strategies. However,
the specific features of social networks that are most conducive to vote buying, as
well as the types of voters most likely to be targeted, remain largely unspecified. For
instance, while a key conclusion of the model presented in Stokes (2005, p. 318) is
that clientelist parties are “effective to the extent that they insert themselves into the
social networks of constituents,” the actual interaction between candidates and voters
is modeled as an iterated Prisoners’ Dilemma, yielding no clear predictions regarding
the consequences of variation in “insertion.”
Another important example of this difficulty can be found in the closely related
literature on the political economy of ethnicity, where the “density” of ethnic groups is
taken to be one of their defining features, and acts as a key mediating variable between
diversity and outcomes such as conflict, public goods provision, and the development
of clientelism (Putnam 2000; Miguel and Gugerty 2005; Chandra 2007; Habyarimana,
Humphreys, Posner, and Weinstein 2009; Gubler and Selway 2012). One of the most
influential formal statements of this perspective comes from Fearon and Laitin (1996),
who study a model explaining the prevalence of cooperative equilibria in diverse societies by the relatively high probability of interaction among members of the same
group, rather than between groups. Although this high probability is interpreted as
a consequence of the density of in-group networks, connections between individual
agents are not explicitly modeled, making it difficult to derive precise predictions
about how variations in social structure affect the likelihood of cooperation. Indeed,
in an empirical analysis of the features of actual ethnic networks in two Ugandan
villages, Larson and Lewis (2017) find the opposite: network density is positively
correlated with diversity and, contrary to theoretical expectations, including conventional predictions from social network theory regarding the “strength of weak ties”
(Granovetter 1973) has negative consequences for information spread. While data on
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politically relevant social networks at this level of detail remain sparse, this example
highlights the need to engage explicitly with network structure in order to generate
empirically valid comparative predictions.
Given the inherent complexity of social networks, this is a task that would seem
well-suited to a formal modeling approach. Few models of vote buying, however, have
considered the role of connections between players. Indeed, many of the most influential models of vote buying assume continuous distributions of voters (Groseclose and
Snyder 1996; Lizzeri and Persico 2001), for which results do not necessarily generalize
to finite populations (Banks 2000; Dekel, Jackson, and Wolinsky 2008). While this
literature has generated important insights into the possibility of vote buying to induce inefficient supermajority coalitions (Groseclose and Snyder 1996; Banks 2000),
the difficulty of overcoming private incentives by providing public goods (Lizzeri and
Persico 2001), the role of varying commitment structures and institutions in mitigating the inefficiencies introduced by vote buying (Dal Bó 2007; Dekel, Jackson, and
Wolinsky 2008), and the institutional factors driving the mix of strategies chosen by
clientelist machines (Gans-Morse, Mazzuca, and Nichter 2014), variation is driven
either by individual factors (preferences) or by macro-level variation in institutional
environments. Despite the prominent role afforded to ties between actors in empirical
accounts, however, this aspect of the strategic environment has gone largely unexplored.
An important exception, however, comes from Battaglini and Patacchini (2018),
who study the analogous problem of influencing members of a legislature through
campaign contributions using a network model similar to the one considered in this
paper.1 The major finding of this work is that the equilibrium transfers to voters (legislators) are proportional to their Katz-Bonacich centrality (Bonacich 1987), weighted
by the equilibrium probability of pivotality. While the elegance of this result, an ana1

See also Battaglini, Sciabolazza, and Patacchini (2020).
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logue of which is presented in the next section, is remarkable, both the structure
of the game and the equilibrium strategies (which require the inversion of a matrix
of arbitrary size) remain highly complex objects, making it essentially impossible to
derive useful comparative statics. Since, given an arbitrary graph on n vertices, there
are 2−1 n(n − 1) possible undirected edges, the number of possible alterations to be
considered increases rapidly with the size of the voting population. When combined
with the fact that the addition or removal of a single edge could dramatically alter
the equilibrium to all agents, this largely precludes any analysis of the dependence
of strategies on the underlying social structure.
In order to resolve this difficulty, we draw on recent advances in the analysis
of random graphs, which make it possible to draw sharp conclusions about the effects of social structure by shifting attention from realized networks to an underlying
generative model. We briefly review the key results in the following section, before
presenting the model.

1.2

Random Network Models

An immediate problem that frequently arises in the analysis of economic games played
on complex networks is that equilibrium strategies, even when unique, are frequently
defined only implicitly and grow combinatorically in complexity with the size of the
network. In order to avoid this difficulty, we rely on a now well-established result
from Ballester, Calvó-Armengol, and Zenou (2006), who show that a broad class of
games can be studied as a network game where the Nash equilibrium strategies are
proportional to the Katz-Bonacich centrality of agents (Katz 1953; Bonacich 1987).
This approach facilitated the analysis of settings as diverse as peer effects in education (Calvó-Armengol, Patacchini, and Zenou 2009) and co-sponsorship networks in
the U.S. Congress (Battaglini and Patacchini 2018; Battaglini, Sciabolazza, and Pat-
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acchini 2020), providing a good empirical fit when compared to alternative measures
of centrality from the social networks literature.
Despite the appealing parsimony of this approach, however, the sensitivity of any
agent’s Katz-Bonacich centrality to small changes elsewhere on the network makes
analysis of the role played by the underlying structural features of the network exceedingly difficult. In order to overcome this problem, we adopt an approach that has
recently gained in popularity in the literature on learning and information diffusion
(Board and Meyer-ter Vehn 2021), eschewing consideration of exact graphs in favor of
a random generative model that shares the same features of interest, such as density or
homophily. In this regard, important recent work by Dasaratha (2020) and Mostagir
and Siderius (2021) provides a framework for studying the dependence of centrality
measures on social structure based on the observation that in large networks these
measures are, with high probability, close to their values in an appropriately-defined
“average” network.
Having derived a novel measure of centrality as the unique equilibrium of the
model presented in the next section, we prove analogous results that permit us to
study how the efficacy of vote buying and equilibrium transfers depend on social
structure. By extending several key results in the spectral theory of random graphs
(Chung and Radcliffe 2011)2 to the case of weighted normalized graphs, in Section
3.1 we derive mild conditions on the behavior of social ties in the expected network as
the number of voters grows that ensure that the exact network can be replaced with
its average counterpart without loss. By doing so, we are able to derive closed-form
algebraic expressions for the equilibrium bribes of each voter, generating unusually
sharp comparative statics.
2

See Chung and Graham (1997) for a review of the mathematical foundations of spectral graph
theory.
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2

Model

We begin by assuming that voters care about policy in a unidimensional space and
the provision of a public good, but they can also be “bribed” with private transfers
that influence their likelihood of voting for one candidate over another. Since we are
primarily interested in elections where n is sufficiently large that the probability of
pivotality is approximately zero, we assume expressive voting based on net preference
after bribes.
In order to retain our focus on the network-specific elements of the model, we
additionally assume that both candidates are endowed with full commitment power,
so that bribes can be treated as either up-front or as campaign promises without
consequence (Dekel, Jackson, and Wolinsky 2008). Bribes are not a binding contract,
however, voters may receive transfers from both candidates, but will ultimately vote
in accordance with their own preferences. As such, neither candidate can ever be
certain that a vote has been “bought,” reflecting the commitment problem highlighted
in much of the literature.
The key feature of this model is the nature of network dependence. In addition
to being influenced by direct transfers and campaign promises, voters place some
weight on the likelihood of each of their neighbors on the network for voting for a
given candidate when making their own decision. Modeling network spillovers in this
way allows us to capture the main features of the strategic situation identified in the
literature while retaining a tractable model capable of generating clear predictions.
Substantively, this mechanism has two main interpretations. First, voters can be
thought of as communicating with their acquaintances about their intent to vote,
which provides information about the candidate’s desirability, such as ability to provide voters with employment opportunities. Providing a transfer to a given voter
therefore also increases the likelihood of their connections supporting that candi11

date since they hold more favorable posteriors, consistent with empirical research
highlighting the informational role of vote buying (Kramon 2016b). Importantly,
spillovers are not limited to a voter’s direct connections. Since these direct contacts
will have updated their beliefs, they then communicate these to their connections,
and so on. Thus, a bribe paid to any voter on the network will positively impact all
voter’s likelihood of voting for a candidate, albeit with diminishing returns in social
distance.
A second interpretation of social spillovers is as a consequence of social pressure.
Even if voters do not gain any relevant information from their neighbors, they may still
be intrinsically motivated to take the same action as a majority of them. Common
mechanisms underlying this are a desire for conformity—voters may simply derive
utility from doing the same thing as those around them—and a fear of social sanctioning. This latter channel is precisely what has been emphasized in the empirical
literature as a solution to the commitment problem faced by prospective vote buyers,
as voters police one another’s decision to vote for the “right” candidate (Nichter 2008;
Finan and Schechter 2012; Calvo and Murillo 2013), making it particularly pertinent.
An important caveat regarding network dependence is that we normalize the total
social influence of any voter’s connections to 1, so that all voters place equal weight on
their neighbors’ vote probabilities. Intuitively, this implies that the influence exerted
on voter i by their network neighbor j is greater if j is i’s only neighbor than it would
have been if i had been connected to a hundred other voters. Equivalently, voters
can be thought of as making their decisions based on a weighted average of their
neighbors’ actions, and not a sum. While we feel that this accurately captures the
actual strategic environment, it is worth noting that this aspect of the model diverges
somewhat from others in the literature, such as that of Battaglini and Patacchini
(2018), who assume implicitly that the most connected voters are also the most easily
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influenced.
Finally, candidates care about both their electoral performance their “programmatic” commitment to provide a public good, but face a potential trade-off between
these two goals. The funds for private transfers to voters, which can provide an electoral advantage, must be diverted from the provision of the public good. In order
to maximize the clarity of the results, we assume that candidates attempt to maximize vote share rather than to win a majority, although simulations indicate that
our main results are substantively unchanged if candidates only value winning. In
addition, this assumption is empirically appropriate in many cases where vote buying
is common, especially in authoritarian regimes, where incumbents frequently seek to
achieve overwhelming vote shares, not just a majority (Reuter and Robertson 2012).

2.1

Setup

Formally, consider a game with n voters that need to make a choice between two
candidates. All players of the game are located on a network G, which is assumed
to be completely connected.3 Let the policy space be a subset of R. Each candidate
k = 1, 2 is associated with a policy yk = k and each voter i ∈ N := {1, . . . , n} is
endowed with a group membership `i = 1, 2, which corresponds to an ideal policy
xi = `i . Substantively, groups may be interpreted as corresponding to any grouping
that is both socially and politically meaningful, such as ethnic or religious groups,
political parties, or voting blocs.
In attempt to gain vote share, candidate k can extend a private bribe bik ≥ 0 to
any voter i. These bribes, however, come at the expense of a public good, which the
3

We use the terms network and graph interchangeably throughout the paper to refer to an undirected
graph, which is an ordered pair G = (V, E) where V is a set of n + 2 vertices and E is a set of m
edges such that E ⊆ {{x, x0 } : x, x0 ∈ V ∧ x 6= x0 }.
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candidate may also care about. A candidate k’s problem is to choose bk that solves

max α
bk

X

φik (bk , b1−k ) − bk · 1

(1)

i∈N

subject to bik ≥ 0 for all i

(2)

where φik (·) is the probability voter i votes for candidate k and 1 dollar in bribes is
valued at α in vote probability by the candidate. We thus normalize the value placed
on a unit of public good by the candidate to one, so that α can be interpreted as the
candidate’s relative degree of office motivation. In particular, an α of 0 corresponds to
a fully programmatic candidate, who trivially prefers to offer no bribes and promise
the full amount of the public good.
Voters support the candidate that offers them a total higher payoff, and have no
obligation to vote for a candidate who offered them a bribe. All voters care about
policy according to a standard quadratic loss function and have γ ≥ 0 value for
a unit of public good, so that they incur a loss of γ for every dollar offered by a
candidate to any voter. Additionally, voters have private information unknown to
the candidates and other voters. In particular, voters receive a private valence shock
for each candidate, εik . Without loss of generality, we can normalize εi2 = 0 and define
εi := εi1 , which we assume is an independent, uniformly distributed random variable
with mean zero and density θ > 0. We interpret θ as the candidates’ information,
with smaller θ indicating less informed candidates. θ can also be taken as reflecting
the intensity of the commitment problem facing candidates, as candidates with higher
values can be more certain that a transfer to a voter will actually secure their vote.
Social structure also matters. In particular, voters prefer to vote for the same candidate as their neighbors. Denote by φik (·) the probability voter i votes for candidate
k given all bribes, but before the realization of εi . Then, each voter i places weight
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wij ≥ 0 on voter j’s probability of voting for candidate k if i and j are connected,
and 0 otherwise. In the realized graph G, the set of a voter i’s social ties is denoted
by Ti (G) ⊆ N . The total social influence on each voter is normalized to 1, so that
P
−1
the actual influence of each neighbor j on i’s utility is equal to
w
wij ,
ih
h∈Ti (G)
implying that more highly connected voters are less influenced by each individual
neighbor.
The expected payoff voter i receives by voting for candidate k can thus be expressed as

2

Ui (k) = −(xi − yk ) + u(bik ) +

 X

wih

−1 X

h∈Ti (G)

j∈Ti (G)

wij φjk (b) − γ

X

bmk + εik (3)

m∈N

where u(·) is voter utility over bribes, which we assume is strictly increasing with
diminishing marginal returns and that the rate of diminution is decreasing. That
is, we require that the utility over bribes satisfy u0 (·) > 0, u00 (·) < 0, u000 (·) ≥ 0,
limb→0 u0 (b) = ∞, and limb→∞ u0 (b) = 0. These assumptions include a wide range of
plausible utilities, particularly logarithmic utility, and ensure that all solution objects
are well-defined, as well as ruling out the combinatoric problem of corner solutions.

Timing
The timing of the game is as follows.
1. Nature randomly chooses a private net valence shock for each voter, εi ∼


1
,
U −1
2θ 2θ
2. For all voters i ∈ N , each candidate k = 0, 1 offers a bribe bik ≥ 0, which
determines the residual public good offered
3. Each voter i ∈ N votes vi ∈ {0, 1}
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2.2

Equilibrium

A voter will cast a ballot for candidate 1 if and only if Ui (1) ≥ Ui (2). Here, candidates will not be able to perfectly anticipate voting behavior due to their imperfect
information over voter preferences. such that we can rewrite this condition as
P
εi ≤ (−1)xi + w(bi1 ) − w(bi2 ) +

j∈Ti (G)

wij (2φj − 1)

P

j∈Ti (G)

wij

+γ

X

(bm2 − bm1 ).

m∈N

Denoting φi := φi0 (b) = 1 − φi1 (b) the probability a voter i votes for candidate 0 and


1
noting that for εi ∼ U −1
,
implies Pr(εi ≤ ε) = 21 + θε, we can correspondingly
2θ 2θ
write each voter’s probability for voting for candidate 1 as






1
2



P

x1

j∈T1 (G)
P

w1j (2φj −1)

P



+ θ (−1) + w(b11 ) − w(b12 ) +
+γ
(bm2 − bm1 )

j∈T1 (G) w1j
 φ1  
m∈N


. 

..
 ..  = 
.
.
  


  
P

P
j∈Tn (G) wnj (2φj −1)
1
xn
P
φn
+
θ
(−1)
+
w(b
)
−
w(b
)
+
+
γ
(b
−
b
)
n1
n2
m2
m1
2
wnj
j∈Tn (G)

m∈N

Here, φ gives the unique vector of equilibrium vote probabilities. Note that, while
each voter’s utility is subject only to their neighbor’s vote probabilities, this system of
equations necessarily implies that a single voter’s probability of supporting candidate
1 is a function of all other voter’s probability of supporting 1. This occurs because,
for example, a voter i’s probability φi is affected by i’s neighbor j’s probability φj ,
which in turn is affected by j’s neighbor m’s probability φm . Since we rule out
disconnected components, φi will both affect and be affected by all other voting
probabilities throughout the entire network.
In equilibrium, candidate 1 chooses a vector of bribes that solves maxb1 ∈Rn+

P

i

φi

taking candidate 2’s bribes as given, while candidate 1 chooses a vector of bribes to
minimize the same objective function, taking candidate 1’s bribes as given. This gives
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rise to the n first-order conditions,
n
X
1 − λk
∂φj
=
∂bik
α
j=1

where λk is the Lagrangian multiplier associated with k’s non-negativity constraint.
Note that differentiating φi with respect to a bribe from candidate 1 to another voter
h, we have
!
P
0
2
w
φ
ij
∂φi
j
j∈T
(G)
i
= θ u0 (bh1 )1(i = h) + P
−γ
∂bh1
j∈Ti (G) wij

(4)

Using this and the first-order conditions, we can rewrite the candidates’ problem as

−1
(1 − λ)
(J [u] − Γ)> · I − 2θÃ
·1=
αθ

(5)

where J [·] is a diagonal matrix with u0 (bi ) as the non-zero entries, Γ is an n×n square
matrix such that every element of Γ is γ, I denotes the identity matrix, 1 denotes
an n-vector of 1s, λ is an n-vector of Lagrange multipliers, and Ã is a normalized
weighted adjacency matrix.
Definition 1. Consider a realized graph G and a corresponding adjacency matrix A
such that for all i, j ∈ N , Aij = 1 if j ∈ Ti (G) and Aij = 0 otherwise. Then, the
normalized weighted adjacency matrix Ã is given by, for all i, j ∈ N ,
wij Aij
.
m∈N wim Aim

Ãij = P

By employing the normalized weighted adjacency matrix, we can account for several important features of social interaction. First, a voter i may be more influenced
by one social tie than another. Second, it will be more difficult to influence a highly
connected voter than a relatively disconnected one, e.g. an incremental change in the
17

probability that i’s neighbor j votes for candidate 0 will have less of an effect on i’s
vote probability if i has hundreds of neighbors than if j is i’s only neighbor.
From the candidates problem in equation (5), we can recover the equilibrium bribe
from candidate k received by voter i,

0 −1

bik = [u ]



1
γn +
αθci

(6)

where ci is the ith element of c and c = (I − θÃ)−1 1 is our measure of centrality.
This measure corresponds to each agent’s Katz-Bonacich centrality on the weighted
directed network corresponding to Ã with attenuation parameter θ. The nature of
the strategic environment—specifically, the structure of social influence—can thus be
thought of as inducing a latent directed network with connections corresponding to
the influence of i on j, which is decreasing in j’s weighted degree and highest when
`i = `j . The value of a voter to a candidate is thus proportional to their centrality on
this latent network, which captures the weighted sum of directed walks of any length
that include that voter.
As the characterization makes clear, bik does not rely on policy considerations and
hence, in equilibrium, both candidates bribe a given voter the same amount according
to their centrality on the network.
Proposition 1 (Equality of bribes). In any equilibrium, bi1 = bi2 for all i ∈ N .
To understand the intuition behind this result, recall that a voter’s direct utility
in bribes is increasing with diminishing marginal returns. Then, either candidate k
will want to continue extending bribes to a voter i until the marginal gain in vote
probability is equal to the marginal loss is public good. Since candidates want to
maximize their total expected vote share, the point at which this occurs for voter i is
the same for candidate 1 as it is for candidate 2. Voters will not receive more private
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inducements from candidates they are politically aligned with than from those they
are not. Proposition 1 implies that the net direct gain from bribes is always zero, i.e.
P
u(bi1 ) − u(bi2 ) = 0. Note also that γ i∈N (bi2 − bi1 ) = 0. Together, these facts lead
to the next result.
Proposition 2 (Electoral outcomes). Vote buying does not affect electoral outcomes.
In particular, the probability a voter i votes for candidate 1 is

φi =



1
+ θ (−1)xi +
2

X

2wij (φj − 1)

j∈Ti (G)

for all i ∈ N , which is independent of candidate strategies.
Since an individual voter receives the same bribe from each candidate, neither
candidate is successful in affecting change in the voter’s probability of supporting
them in the election. As no voter is influenced by the bribes (or, arguably, as all voters
are influenced by the bribes equally in both directions), the equilibrium expected vote
share is not altered by the candidates’ bribes. Importantly, however, this is a feature
of the two-candidate competitive environment. If, for instance, candidate 2 lacks the
resources to distribute bribes or is ideologically committed to programmatic politics,
then candidate 1 could achieve a large expected vote share, even if a majority of
voters prefer candidate 2 on ideological grounds.
Finally, it is straightforward from the assumptions on the derivatives of u(·) stated
in the previous section to derive the following comparative statics by taking derivatives
of the equilibrium bribes defined by equation 6.
Proposition 3 (Comparative Statics). For any voter i, the equilibrium transfers
offered by both candidates are
1. Weakly decreasing in γ
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2. Weakly decreasing in n
3. Weakly increasing in α
4. Weakly increasing in θ
These results are consistent with the intuition of the basic strategic environment:
the socially optimal bribes to voters would correspond to a transfer scheme such that
the marginal value is equated with γ, but candidates provide additional transfers as a
result of the network spillovers. The value of these spillovers is moderated by α—that
is, more office-motivated candidates place higher value on the additional increase to
expected vote share—and by θ, which determines the likelihood of their realization.
Thus far, we have taken the exact realized network as given. In order to study
the dependence of equilibrium strategy on social structure, we must transition to
considering the underlying generating model that gave rise to the observed network.
We now take up this problem in the next section.

3

Analysis

This section proceeds as follows. First, we present results related to graph theory
that justify analysis of an average graph. This is needed for two reasons: since
centrality is a highly nonlinear function of the realized network, it is convenient
to replace the expected centrality of each individual voter—which is defined only
implicitly—with that voter’s centrality on the expected network, which is far more
tractable. In addition, even simple generative models may result in realized networks
with arbitrarily high variance in the emergent characteristics of individual vertices,
such as centrality. We therefore require bounds on the spectrum of the induced
normalized weighted network in order facilitate making claims that can be made
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to hold with arbitrarily high probability. These results are technical in nature and
therefore detailed proofs are relegated to the Appendix.
Second, we employ these tools to study the implications of social structure on
vote buying. In particular, we are able to derive closed-form expressions for the
centrality of voters in each party, yielding sharp comparative statics in terms of the
main features of social structure: namely, group fractionalization and homophily.

3.1

Graph Theory Results

The main result, which is an analogue of the spectral theorems of Chung and Radcliffe
(2011) applied to the case of weighted, directed networks, allows us to place tight
bounds on the deviation of the realized normalized weighted adjacency matrix from
its expected counterpart.
Theorem 1. Let LW denote the normalized weighted Laplacian of G, ω the largest
total weight, and d the smallest expected degree. For any  > 0, there exists a k()
¯
such that, for all i,
s
Pr ||LW − L̄W || ≤ 4

if d > k ln(n) and αω ≤
¯

q

d
¯
,
3 ln(4n/)

3ω ln(4n/)
d
¯

!
≥1−

where α is the smallest total weight.4

A major limitation of this result, however, is that the bound depends on n, and
is thus arbitrary large in large societies for a fixed . Under the assumption that the
minimum degree grows at a rate greater than ln(n),5 it is straightforward to show the
following result, which allows us to make asymptotic statements with high probability.
4
5

Not to be confused with α in candidate utility.
In fact, empirical work suggests that it grows at approximately rate ln(n) in most societies. However, simulation studies indicate that our results still hold with high probability if this is the case,
and it is likely that a tighter bound is achievable.
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¯ > ) = 0.
Lemma 1. For any  > 0, limn→∞ Pr(kc(n) (Ã) − c(n) (Ã)k
This therefore allows us to consider centrality on the average graph only, permitting analysis of comparative statics in terms of social structure, rather than of a single
realized graph.

3.2

Social Structure

¯ is given
Definition 2. The average normalized weighted adjacency matrix Ã
by, for all i, j ∈ N ,
wij pij
Ã¯ij = P
.
m∈N wim pim
For the following results, we assume that the graph is drawn according to a twogroup stochastic block model with share s ≥

1
2

of group 1,6 a probability pH of intra-

group connection, and a probability pL of inter-group connection. Further, assume
for simplicity that wij = wH for in-group voters and wij = wL for out-group voters,
with the natural assumption that wH ≥ wL . Finally, we denote by 0 < δ < 1 the
ratio

wL pL
,
wH pH

which thus captures the degree of homophily on the network (lower delta

corresponds to more homophily).
The main result, which draws on the asymptotic bounds on the average adjacency
matrix derived in the previous section, allows us to derive closed-form expressions for
each voter’s centrality that hold with high probability given large n.
Proposition 4 (Expected Centrality). For n sufficiently large, with probability approaching one the centrality of a voter in party 1 is

c1 =
6

−δ + (δ − 1)s2 (δθ + δ + θ − 1) − (δ − 1)s(δθ + δ + θ − 1)
sn((δ − 1)s − δ)(−θ + s(δ + θ − 1) + 1)

(7)

Notably, in the two-group case this parameter captures all of the information provided by the
Herfindahl-Hirschman index, which is widely used as a measure of ethnolinguistic fractionalization
in empirical research.
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and for a voter in party 2,

c2 =

δ − ((δ − 1)s2 (δθ + δ + θ − 1)) + (δ − 1)s(δθ + δ + θ − 1)
n(s − 1)((δ − 1)s + 1)(s(δ + θ − 1) − δ)

(8)

The proof of this result is left to the Appendix, but the key observation is that
unlike realized networks, which may be arbitrarily complex, the expected network is
necessarily complete, since all voters have positive probability of being connected to
all others. In particular, the adjacency matrix, while arbitrarily large, contains only
four unique values, corresponding to directed connections within and between each
group. With some algebra, it is therefore possible to derive an explicit formula for the
inverse of this matrix, which in turn determines the value of each voter’s centrality.
An immediate and remarkable conclusion that follows from Proposition 4 is that
while centrality is a function of group sizes,7 information, and homophily, it is entirely
independent of the actual density of the network. Put differently, a uniform increase
in connection probabilities between all voters would not influence equilibrium bribes
in any way. Despite the prominence of density in many informal accounts of network
effects, then, our model suggests this need not be a major determinant of the efficacy
of vote buying, further highlighting the need for precisely formulated theory.
Also of note is that, under the assumption that s ≥ 21 , it can easily be verified
that c1 ≤ c2 , with equality only if the groups are of exactly equal size. In other
words, each individual member of the minority group will always receive a higher
equilibrium transfer than a member of the majority. Intuitively, this is driven by the
fact that, assuming any positive degree of homophily, the influence of each member
of the minority group increases as the group becomes smaller, making them more
valuable to target.
Since these centralities are smoothly differentiable functions of all parameters,
7

Note that while the centrality of each individual voter is decreasing in n, the total centrality is
constant.
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moreover, it is then straightforward to analyse how the total spending of candidates,
as well as the level of between-group inequality, depends on these parameters. In
particular, let B denote the sum of bribes across all voters and Q denote the level
of inequality, or Q = |1 − b1 /b2 |. Since u(·) is assumed to be concave with convex
first derivative, it is sufficient to consider the total centrality rather than examining
bribes directly. Then we have the following result.
Proposition 5 (Total bribes). For all θ ≤ 2 −

√

2,

∂B
∂δ

> 0,

∂B
∂s

> 0, and

∂B
∂θ

> 0.

Since θ needs to be small for the solution to be well-defined, the condition for
these results to hold will always hold in practice for large n. The effect of θ here
is intuitive: better information increases the expected return on bribes. The other
two results are non-obvious, however. In particular, the effect of δ is quite counterintuitive: an increase in δ, which corresponds to a decrease in homophily, actually
increases total spending. While the mechanism for this is straightforward—higher δ
corresponds to stronger “weak ties”, raising the value of transfers to all voters—it
is again at odds with many informal descriptions of “dense ethnic networks” that
are argued to be particularly amenable to clientelism because of their high degree of
homophily.
It is similarly straightforward to study the effect of network parameters on inequality by taking derivatives of the negative of the ratio of the two centralities:
Proposition 6 (Group size and inequality). Let Q denote the total inequality, or
∂Q
∂θ

≥ 0, with equality if s = 12 or s = 1, and ∂Q
> 0 for all
∂s
√
parameter values. Moreover, ∂Q
< 0 only if δ ≥ 1 − θ, and is positive otherwise.
∂δ

Q = |1 − b1 /b2 |. Then

Once again, the effects of information and group size are intuitive, suggesting that
better informed candidates in more demographically uneven societies will concentrate
their resources more intensely in the groups that provide the highest return. As
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with total spending, however, the effects of homophily are surprising. While higher
homophily (lower δ) can increase inequality, this only holds for networks that exhibit
extremely low degrees of homophily. In contrast, at all empirically plausible levels
of homophily, increasing the relative influence of voters on members of their own
group actually decreases the overall inequality of transfers from candidates. This
result is particularly remarkable given that Dasaratha (2020) arrives at the opposite
conclusion regarding Katz centrality on an undirected and unweighted network.
In fact, the key to understanding this result is the tradeoff faced by candidates
between targeting highly-connected voters, who influence many others, and voters
whose neighbors are not highly connected, since they are more easily influenced. In
the extreme, as δ approaches 0, the greater value of transfers to members of the
minority is completely offset by their disconnectedness from the majority, such that
the equilibrium bribes approach equality.

4

Discussion

In this article, we provide a formal model of vote buying on a network of policymotivated voters who care about both private and public goods and candidates who
can extend bribes to improve their electoral performance. We study the game under a
given network structure and show that, in equilibrium, each individual voter receives
the same bribe from both candidates. Since no candidate receives more bribes from
one candidate than the other, equilibrium expected vote share remains unchanged
and hence bribery does not affect the electoral outcomes.
Additionally, we employ techniques from advances in spectral random graph theory to research the role of social structure. In doing so, we are able to explicitly
characterize the equilibrium bribes received by each voter in large networks and thus
to derive sharp comparative statics regarding the role of social structure. Particularly
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noteworthy are our findings regarding density and homophily. Contrary to arguments
frequently found in the literature, density does not affect either the level of group inequality or total spending, while homophily actually decreases both for most plausible
parameter combinations.
These results have direct implications on vote buying in a variety of political
settings. For instance, we predict the most intense vote-buying to occur in social
contexts with a large majority and small minority but with relatively low levels of
social segregation. At the same time, members of the minority are likely to benefit
disproportionately from vote-buying, especially when candidates are well-informed
about voter preferences.
There are a number of interesting questions our model provokes that we leave to
future research. For example, the voters in our model do not strategically transmit
information to their neighbors, but instead transparently share their vote probabilities. A natural extension is therefore to allow voters to attempt to persuade their
neighbors by not fully revealing their truth with the goal of maximizing the transfers
they receive. Such a model may be able to answer questions about how polarization
in a society affects vote buying and how large, heterogeneous biases may interact with
features of a social network studied in this paper, such as density and homophily.
Another aspect of vote buying that would be valuable to incorporate in the existing
model is the role of social connections between the candidate and voters. In particular,
consider a related model in which candidates have limited information about the
network structure, but can pay a cost that is proportional to their social distance
to discover pertinent information about voters, such as party membership and policy
preferences. This extension could inform how candidate location in the existing social
structure affects the extent and distribution of bribery, as well as accounting for the
empirically observed tendency to favor members of the candidate’s ingroup.
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Appendix
Lemma 2 (Chung and Radcliffe (2011)). Let X 1 , . . . , X m be bounded independent
random Hermitian matrices and set M > 0 : ||X i − E(X i )||2 ≤ M ∀i = 1, . . . , m.
Then for any a > 0,

Pr(||X − E(X)||2 > a) ≤ 2n exp −

where X =

Pm

i=1

X i and v 2 = ||

Pm

i=1

a2
2v 2 + 2M a/3



V(X i )||.8

Proof of Theorem 1. Let G be an undirected random graph such that all edge formation probabilities are jointly independent. Denote by A the adjacency matrix, W a
matrix of weights, and AW the weighted adjacency matrix, such that AW = W A.9
P
Let D W be the diagonal degree matrix such that {D̄ W }ii = j wij aij , and denote
−1/2

−1/2

by Ā, D̄ W the expected equivalents. Finally, let LW = I − D W AW D W

denote

the normalized weighted Laplacian of G, ω = maxi,j wij be the largest total weight,
α = mini,j wij the smallest, and δ = mini {D̄ W }ii the smallest expected degree.
Denote d¯i as the expected (weighted) degree of node i. By the triangle inequality,
for any matrix C,

||LW − L̄W || ≤ ||C − L̄W || + ||LW − C||
−1/2

−1/2

In particular, let C = I − D̄ W AW D̄ W . Then since the degree matrices are
−1/2

−1/2

diagonal, we have C − L̄W = D̄ W (AW − ĀW )D̄ W . Denoting by Aij the matrix
that is equal to 1 in the i, jth and j, ith positions and 0 elsewhere, we can write i, jth
8
9

See Theorem 5 in Chung and Radcliffe (2011) for the proof.
Note that indicates the Hadamard (element-wise) product.
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entry of C − L̄ as

−1/2

−1/2

X ij = D̄ W (wij (aij − pij )Aij )D̄ W

Then clearly C − L̄ =

=

wij (aij − pij ) ij
p
A
d¯i d¯j

P

X ij , so Lemma 2 applies. Note that since E(aij ) = pij ,
P
we have that E(X ij ) = 0, so that v 2 = || E(X 2ij )||. Also, each X ij is bounded
above by kX ij k ≤

ω
δ

Now clearly

E(X 2ij ) =


2


 ¯wij¯ (pij )(1 − pij )(Aii + Ajj ) i 6= j
di dj

2

 w¯2ii (pij )(1 − pij )Aii

i=j

di

Now we can write
n X
n
2
X
wij
ii
v =
¯i d¯j (pij )(1 − pij )A
d
i=1 j=1
!
n
2
X
wij
= max
¯i d¯j (pij )(1 − pij )
i
d
j=1
!
n
ω X wij
(pij )
≤ max
i
δ j=1 d¯i
2

=

ω
δ

For notational convenience denote a =

q

3ω ln(4n/)
δ

and δ so that a < 1. In particular,

we must have δ > 3ω(ln(4) + ln(n) − ln()), so that if k ≥ 3ω(1 + ln(4/)), δ ≥ k ln(n)
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guarantees the result. Then from Lemma 2

Pr(kC − L̄W k > a) ≤ 2n exp
= 2n exp

3nω 2 ln(4n/)
nδ
−
2nω 2 /δ + 2anω 2 /3δ
3nω 2 ln(4n/)
δ
−
2nω 2 (3 + a)/3δ

!

!



9 ln(4n/)
= 2n exp −
6 + 2a


9 ln(4n/)
≤ 2n exp −
9

=
2
Now for the second term, note that di is a sum of random variables that are
bounded between 0 and ω. Then by Hoeffding’s Inequality, we have that, for any t,
 2 ¯2 
 2 2
t di
tδ
¯
¯
Pr(|di − di | > tdi ) ≤ 2 exp − 2 ≤ 2 exp − 2
nω
nω
q
p nω
2
Now in particular let t = nω ln(4n/)
=
a. We have t < a < 1 if δ >
2
δ
3δ

nω
.
3

In


−1 >t ≤


2n

our application, ω = ρH , δ = n0 pL ρL + n1 pH ρH ., so that for all i we obtain

Pr(|di − d¯i | > td¯i ) ≤
2n
Now note that
s
−1/2

1/2

D̄ W D W − I

= max
i

2

di
−1
d¯i

To bound this, note that from (4) we can conclude that Pr
and hence with probability at least 1 −


,
2n

r
−1/2
1/2
D̄ W D W

−I

<
2
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nω 2 ln (4n/)
δ2



di
d¯i

Finally, note that since kLk2 ≤ 2 (Chung and Graham 1997), we have kI − Lk2 ≤
1. Now consider

−1/2

−1/2

kLW − Ck = kI − D W AW D W
−1/2

1/2

−1/2

1/2

−1/2

−1/2

− I + D̄ W AW D̄ W k
−1/2

−1/2

1/2

−1/2

= k(I − LW )D̄ W D W D W AW D W D W D̄ W k
−1/2

1/2

= k(I − LW )D̄ W D W (I − L)D W D̄ W k
−1/2

1/2

1/2

−1/2

= k(D̄ W D W − I)(I − LW )D W D̄ W
−1/2

1/2

1/2

1/2

−1/2

+ (I − L)(I − D W D̄ W )k

−1/2

1/2

−1/2

≤ kD̄ W D W − IkkD W D̄ W k + kI − D W D̄ W k
≤ t2 + 2t

Hence, finally,

||LW − L̄W || ≤ ||C − L̄W || + ||LW − C||
r
nω 2
4nω
≤a+
a +
a
3δ
3δ
!
√
√
3δ + 2 nω nω
√
=a
+
a
3δ
3δ
!
√
2 3nωδ + nωa
=a 1+
3δ

Now, choose k > 1 such that
1
δ≥
3

√

k+k+1
2nω
(k − 1)2

!

Proof of Proposition 4. By the result established in Lemma 1, it is sufficient to consider centrality on the average network. Under the stochastic block model, letting si
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denote the share of i’s group without loss of generality, we have that the expected
degree of i can be written as
n
X


wij pij = si nwH pH + (1 − si )nwL pL = n wL pL + si (wH pH − wL pL) , 10

j=1

For notational convenience, we denote wH pH = ρ, wL pL = δρ for some 0 < δ < 1.
The key observation is that the actual value of ρ is irrelevant, since it appears in
both the denominator and numerator of each entry of the expected adjacency matrix.
Thus, all results depend only on δ, the relative expected weight placed on out-group
connections.
¯ as a 2 × 2 block matrix with
Note now that we can write the matrix I − θÃ
¯
blocks Ã
11 = I −

θ
n(δ+s1 (1−δ))

¯
¯
θδ
(1s1 n×s1 n − I), Ã
12 = − n(δ+s1 (1−δ)) 1s1 n×s2 n , Ã21 =

¯ = I−
1s2 n×s1 n , and Ã
− n(δ+sθδ
22
2 (1−δ))

θ
n(δ+s2 (1−δ))

(1s2 n×s2 n − I). To apply the for-

¯ −1 . We conjecture that
mula for block inversion, we first want to identify Ã
11

¯ −1
P = Ã
11





=




a1

b1

···

b

b
..
.

···

···
..
.

b

···

··· a

a

b
..
.











Then we have that

−(n1 −

1



− n(δ+s1θ(1−δ))



1) n(δ+s1θ(1−δ))









  a1   1 
 
= 
1 − (n1 − 2) n(δ+s1θ(1−δ))
b1
0

which indeed has a unique solution. The inverse of the bottom-right block is identical,
swapping group indices. Hence, we can construct the centrality vector according to
10

Technically this is an approximation since pii = 0, but the loss is insignificant for large n, which is
assumed here.
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the formula:
 


−1
¯
¯
¯
¯
¯
−1 ¯
−1
0
I
−Ã12 Ã22 
 Ã11 − Ã12 Ã22 Ã21

c=

−1  

¯ − Ã
¯ Ã
¯ −1 Ã
¯
¯ Ã
¯ −1
0
Ã
−
Ã
I
22
21 11
12
21 11
(A1)
The main-diagonal blocks in the first matrix again have the same structure, with
a single value on the main diagonal and another value on the off-diagonal. This has
a similar structure to the previous matrix, and the inverse can thus be calculated
analogously by solving for main and off-diagonal elements a0i , b0i 11 .
Remark. There is a substantive interpretation of a0i and b0i : a0i is the weighted average
of the number of paths back to a voter in party i through the network, while b0i is the
weighted average of the number of paths to someone else in your party through the
network. Because in the expected network, all voters are connected to all others, i’s
centrality does not depend on paths to the other party, because a linear dependence
is induced (all paths within party essentially correspond to an equivalent cross-party
path).
Substituting these values into Equation A1, we then have that

ci = (1 + n−i )a0i + (1 + n−i )(ni − 1)b0i

or, without loss of generality,
n(−δθ−δn+(δ−1)ns2 (δθ+δ+θ−1)−(δ−1)ns(δθ+δ+θ−1)+(δ−1)θs)
c1 = −θ2 +n3 s((δ−1)s−δ)(−θ+s(δ+θ−1)+1)+θn2 s(−δ−θ+s(2δ+θ−2)+1)+θn(θ+δ2 θs−δs+s−1)
Since n is by assumption large, however, this expression is asymptotically equivalent to its leading term, and we can thus simplify further, writing

c1 ∼

−δ + (δ − 1)s2 (δθ + δ + θ − 1) − (δ − 1)s(δθ + δ + θ − 1)
sn((δ − 1)s − δ)(−θ + s(δ + θ − 1) + 1)

11

(A2)

A unique solution again exists, but we suppress the exact expression as it is extremely complex.
The mathematica file used to calculate these values is available upon request from the authors.

32

Proof of Lemma 1. Let G (n) be a sequence of random graphs over n vertices, and
P (n) (n)
denote by δ(n) the smallest expected weighted degree, i.e. δ(n) = mini j wij pij .
(n)

(n)

Further, let w̄(n) = maxi,j wij and w(n) = mini,j wij be the largest and smallest
¯
w̄(n)
individual weights, satisfying w(n) ≤ ω for some ω > 0 for all n. Then if there exists
¯

a non-decreasing sequence of k(n) > 0 such that δ(n) ≥ k(n) ln(n) and w(n) · w̄(n) =

q
¯
δ(n)
(n)
, then the realized centrality vector centrality vector c (Ã) is with high
o
ln(n)
¯ for large n.
probability close to the centrality of the average graph c(n) (Ã)
Under the stated assumptions, we can apply Theorem 1 to conclude that for any
ξ > 0, for all n we have
r
Pr ||LW − L̄W || ≤ 4

3ω ln(4n/ξ)
δ

!
≥1−ξ

q
= 0 regardless of the ξ chosen,
Furthermore, by assumption limn→∞ 4 3ω ln(4n/ξ)
δ
so that under the 2-norm,

LW → L̄W
p

Now, for convenience call B = I −LW and B̄ the expected equivalent. Now clearly
also B → B̄, and furthermore we can write B = D −1/2 AW D −1/2 = D −1/2 ÃD 1/2 . So
p

we can write, using properties of matrix norms (abusing notation in the second step

33

slightly so that the maximum is over the norm of the matrices) and the above result,
¯ = lim sup kD 1/2 BD −1/2 − D̄ 1/2 B̄ D̄ −1/2 k
lim sup kÃ − Ãk
n→∞

n→∞

n
o
n
o
1/2
1/2
−1/2
−1/2
≤ lim sup k max D , D̄
(B − B̄) max D
, D̄
k
n→∞

n
o
n
o
−1/2
−1/2
1/2
1/2
≤ lim sup max kD k, kD̄ k kB − B̄k max kD
k, kD̄
k
n→∞

n
o
n
o
1/2
1/2
−1/2
−1/2
≤ lim sup ξ max kD k, kD̄ k max kD
k, kD̄
k
n→∞

Now since ξ can be chosen to be arbitrarily small, it is sufficient to establish
that both kD 1/2 k2 kD̄ −1/2 k2 and kD 1/2 k2 kD̄ −1/2 k2 are bounded by a constant almost
surely. To see that they are, observe that

v
X
u
u max
sP
sP
wij aij
s
u i
a
√
w̄(n)
u
j
j ij
j aij
X
max P
≤
≤ ω max P
kD 1/2 k2 kD̄ −1/2 k2 = u
t max
i
w(n) i
wij pij
j pij
j pij
¯
i
j

and similarly
v
X
u
u max
sP
sP
wij pij
s
u i
p
√
w̄
ij
u
j
(n)
j
j pij
X
kD 1/2 k2 kD̄ −1/2 k2 = u
≤
max P
≤ ω max P
t max
i
w(n) i
wij aij
j aij
j aij
¯
i
j

But since the aij are distributed Bernoulli(pij ), (see e.g. Mostagir and Siderius
rP
rP
aij
j pij
(2021)) both maxi P aij and maxi Pj pij converge in probability to 1, so that we
j

j

have for any ξ > 0
¯ ≤ ξ √ω
lim sup kÃ − Ãk
n→∞

That is, the weighted adjacency matrix can be made arbitrarily close to its expected
counterpart.
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We now wish to show that, for arbitrary  > 0,
¯ −1 k ≥ ) = 0
lim Pr(k(I − θÃ)−1 − (I − θÃ)

n→∞

The key observation is that the above result implies that for any µ > 0, there
¯ kk ≤ µ
exists sufficiently large n such that with probability approaching 1, kÃk − Ã
for all k. Then it is straightforward to note that (since by model assumptions we
have θ < 1, so the formula for infinite geometric series can be applied),

−1

lim sup k(I − θÃ)

∞


X
¯
¯
k
k
k
−1
θ Ã − Ã
− (I − θÃ) k = lim sup
n→∞

n→∞

≤ lim sup
n→∞

≤

∞
X

k=0
∞
X

|θk |



¯k
Ãk − Ã



k=0

µ|θk |

k=0

=

µ
1−θ

Since µ was chosen arbitrarily, this implies that for any  > 0,
¯ > ) = 0
lim Pr(kc(n) (Ã) − c(n) (Ã)k

n→∞

Finally, note that the assumption of non-vanishing spectral gap guarantees that
the network is connected with high probability, so that the centrality is well-defined
(Dasaratha 2020; Mostagir and Siderius 2021), completing the proof.
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